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Abstract. We consider an SDE in of the type dX{t) = a{X{t))dt + dUt with a Levy process U and 
study the problem for the distribution of a solution to be regular in various senses. We do not impose any 
specific conditions on the Levy measure of the noise, and this is the main difference between our method and 
the known methods by J.Bismut or J.Picard. The main tool in our approach is the stochastic calculus of 
variations for a Levy process, based on the time-stretching transformations of the trajectories. 

Three problems are solved in this framework. First, we prove that if the drift coefficient a is non-degenerated 
in an appropriate sense, then the law of the solution to the Cauchy problem for the initial equation is absolutely 
continuous, as soon as the Levy measure of the noise satisfies one of the rather weak intensity conditions, for 
instance the so-called wide cone condition. Secondly, we provide the sufficient conditions for the density of 
the distribution of the solution to the Cauchy problem to be smooth in the terms of the family of the so-called 
order indices of the Levy measure of the noise (the drift again is supposed to be non-degenerated). At last, 
we show that an invariant distribution to the initial equation, if exists, possesses a C°°-density provided the 
drift is non-degenerated and the Levy measure of the noise satisfies the wide cone condition. 



Introduction 

In this paper, we consider an SDE in M™ of the type 
(0.1) dX{t) = a{X{t))dt + dUt, 

where a G C^(M'",]R™) satisfies the linear growth condition and U. is a Levy process in R™. We study the 
properties of the distribution of both the solution X{x, ■) to the Cauchy problem associated with (jO.ip and a 
stationary solution X*{-) to (|0.ip . supposing latter to exist. The question under discussion is the following 
one: do the distributions Px,t{dy) = P{X{x, t) G dy), P*{dy) = P{X*{t) G dy) of these solutions have densities 
Px,t,P* w.r.t. the Lebesgue measure A™ in M™? Do these densities possess any additional regularity property, 
for instance, belong to the class C°°? This question is a natural analog for the classical hypoellipticity problem 
for partial differential equations, and it can be reformulated in analytic terms in the following way. Let L be 
the Levy-type pseudo-differential operator 



i/(a;) = (V/(x),a(x))R^+ j [f{x + u)-f{x)\Uidu)+ j (x + u) - f (x) - {V f (x) , u)^^ ^Uidu) 

II"IIr">i II"IIb™<i 
associated with ()0.ip . where 11 is the Levy measure for U. Then Px^t{dy) is the fundamental solution to the 
Cauchy problem for the operator dt — L and P*{dy) is the invariant measure for the operator L. 
The hypoellipticity problem for equations of the type (|0.ip and the more general equations 



(0.2) dX{t) ^ a{X{t))dt+ c{X{t~),u)v{dt,du) 

with a compensated Poisson point measure v was studied by numerous authors. 
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First of all, let us mention the analytic approach, see [15j and survey in ITHj. This approach uses some 
version of the parametrix method, and the typical conditions demanded here contain the assumptions on a 
smoothness and a growth rate of the probability density of the initial process U (roughly speaking, the noise 
should be close to the one generated by a stable process). 

There also exist two groups of probabilistic results inspired by the Malliavin's approach to the hypoellipticity 
problem in the diffusion (i.e., parabolic) setting. The first group is based on the method, in which a Malliavin- 
type calculus on the space of the trajectories of Levy processes is introduced via the transformations of 
trajectories that change values of their jumps. This approach was proposed by J.Bismut ([3]). In this method 
the Levy measure was initially supposed to have some (regular) density w.r.t Lebesgue measure. This is a 
natural condition sufficient for the transformations, changing values of the jumps, to be admissible. There exists 
a lot of works in this direction, weakening both the non-degeneracy conditions on coefficients and regularity 
claims on the Levy measure, cf. [5], [1S],[T7]. There also exists a closely related approach based on a version of 
Yu.A.Davydov's stratification method, cf. [H], [7j. One can say that this group of results is based on a spatial 
regularity of the noise, which through either Malliavin-type calculus or stratification method guarantees the 
regularity of the distribution of the functional under investigation. 

Another group of results is based on the approach developed by J.Picard, see [55] and [I1],[I3|. Here the 
perturbations of the point measure by adding a point into it are used. Since the single perturbation of such a 
kind generates not a derivative but a difference operator, one should use an ensemble of such perturbations. 
Therefore a frequency regularity is needed, i.e. limitations on the asymptotic behavior of the Levy measure at 
the origin should be imposed. 

Our aim is to study the hypoellipticity problem for equation (jO.ip in a situation where the conditions 
imposed on the Levy measure of the noise are as weak as possible. In particular, the noise is not supposed to 
possess neither spatial nor frequency regularities. 

Three problems are solved in this paper. The first one is concerned with the absolute continuity of the 
law of the solution to (jO.ip with non-degenerated drift. We give a general sufficient condition for the absolute 
continuity without any restrictions on U. The same problem was solved in |22|.[23j for the equation of the 
type ()0.2p with some moment restriction on the jump part, and in 28J for the one-dimensional SDE of the 
type JOl]). 

The second problem is to provide the conditions on the Levy measure of the noise, which would be sufficient 
and close to the necessary ones for the smoothness of the density of the law oi X{x,t). This problem is unsolved 
even in the case a — 0, c{x, u) — u; for the Levy process U, the criterion for the distribution of Ut to possess 
a C°°-density is not known. We show that if the drift coefficient in equation (jO.ip is non-degenerated in an 
appropriate sense, then for the law of X{x,t) such a criterion can be given in the terms of properly defined 
order indices p^,, r G N of the Levy measure 11. 

The claim on the drift a to be non-degenerated is least restrictive while the problem of the investigation 
of the properties of the invariant distribution to (|0.1|) is considered. Such a claim is very natural since the 
invariant distribution have to exist, and appears to be sufficient for an invariant distribution to possess the 
C°°-density under very mild conditions on the jump noise. 

Our approach is motivated by a natural idea that, without any conditions on the Levy measure of U, there 
always exist admissible transformations of U changing the moments of jumps, and one can construct some 
kind of stochastic calculus of variations based on these transformations. This idea is not very new, it was 
mentioned in the introduction to [29^ . We also believe that it was one of the motivations for the construction 
of an integration-by-parts framework for the pure Poisson process in [S] and [S] . However the detailed version 
of the calculus of variation, based on the time changing transformations, which would give opportunity to 
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study TO-dimensional SDE's, was not available till the recent papers of the author [22| . [23j (the preliminary 
version of such a calculus was proposed by the author in 19J; the similar approach was proposed in [28 with 
an application to a one-dimensional SDE of the type (|0.ip ). 

The structure of the paper is the following. In Section 1 we formulate the main results of the paper, in Section 

2 we make a detailed discussion of these results and give some sufficient conditions and corollaries. In Section 

3 the stochastic calculus for Levy processes, based on the time-stretching transformations, is introduced. The 
proofs of the statements about the existence of the density for P^.tidy), smoothness of this density, and 
smoothness of the density for P*{dy) are given in Sections 4, 5 and 6, respectively. 

1. Main results 

1.1. Auxiliary definitions and notation. Before formulating the main results of the paper, let us introduce 
a notation. Denote, by Sm — {v £ M™|||u||Rm = 1}, a unit sphere in M™. For v G Sm, Q G (0, 1), denote by 
V{v, g) = {y e M'"||(y,w)|K™ > gUylk™} the two-sided cone with the axis (v) = {tv,t G M}. 

Definition 1.1. For r e N, wc define 

Pr(g,s)= e'ln- • inf / w)^™ I A elTEfdw), e > 0, p,. = lim liminf pr G [0, +oo]. 

L ei ^^Srr^ Jv{v,g) ^^"+ 

We call p,. the upper order index of power r for the Levy measure 11. The main role in our considerations 
plays the index '^6 denote this index by p. 



Definition 1.2. Define 





-1 


sup / 


L ei 







(|(m,u)r™| A£)^n(dw), £>0, 1? = liminfi9(£) e [0,+oo]. 



We call i9 the lower order index for the Levy measure 11. In the one-dimensional case, the definition of the 
order indices is most simple, since 5'i = {—1, -1-1} and V{v, g) —M. ioi v = ±1, g G (0, 1). In the case m — 1, 
we have 



1 



£ 



-1 



p^{g,e) ^ Prie) ^ e'ln- ■ {\u\AeYn{du), i!){e) ^ e' In - • / A £)^n(du), 



1 



£ 



-1 



and 'd = p. 



Definition 1.3. The function a belongs to the class K^,?" G N, if, for every g G (0,1), there exists D = 
D(a, r, g) > such that, for every x G M™, v G Sm, there exists w — w{x, v) G Sm with 

(1.1) \iaix + y)-a{x),v)t,r.\>D\iy,w)t,r.\', y e Viw, g),\\y\\t,r. e {-D, D). 

The function a belongs to the class Kjr';^^ (r G N, O is some open subset of R™) if, for every x G O, g G (0, 1), 
there exists D = D{a, r, g,x) > such that, for every v G Sm, there exists w — w{x, v) G Sm with (|l.ip being 
true. The function a belongs to the classes Kqo or j^^, if 3r G N : a G K,. or a G K^^^^, respectively. 

Example 1.1. a) The function a G C^{W^, M™) belongs to the class if, for every a; G O, det \Ia{x) ^ 0. 

b) The function a G C^iW^^W^) belongs to the class Ki if sup^^gRm || [Va(x)]~"'" || j^^^^ < -fcx) and Va is 
uniformly continuous. 

c) The function a G C"'(M,R) belongs to the class if, for some i?, c > 0, the inequality |a'(x)| > c holds 
for all X with |x| > i?, and, for every x, one of the derivatives a'ix), a"{x), . . . , a^'''^{x) differs from 0. 

Definition 1.4. The measure 11 satisfies the wide cone condition if, for every v G Sm, there exists g — g{v) G 
(0, 1) such that \l{V{v, g)) = +oo. 
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Remarks. 1. For to 1, the measure 11 satisfies the wide cone condition iff n(]R) = +oo. 
2. In Definition 11.41 the value of the parameter p can be chosen to be independent of v; this follows from 
the compactness of Sm- 

Denote, by CB^{W^), the set of the real- valued functions / on R™ such that / has k Sobolev derivatives 
and its fc-th derivative is a bounded function on R™,CB0(R™) ee L^{K"'). Denote also, by Cj°°(R"), the 
set of the real-valued infinitely differentiable functions on R™ that are bounded together with every their 
derivative. It is clear that CB^{W^) C C^-^{W^) and C^°°(R"') = fl^i CB^{W^). 

1.2. Absolute continuity of the law of X{x,t). In this subsection, the coefficient a is supposed to belong 
to C"'^(R™,R™) and to satisfy the linear growth condition. 

Theorem 1.1. Suppose that for a given £ R™ there exists e* > such that for arbitrary v £ R™\{0}, x G 
B(x,,£,) = {y\\\y ~ x^W < e,} 

(1.2) Il(u : {a{x + u) - a{x),v)m^ ^ j = +oo. 
Then, for every t > 0, 

Po[X{x^,t)]-^ < A™. 

This statement is analogous to that of Theorem 3.2 [22], but the moment restriction analogous to condition 
(|1.4p below, that was used in {22^, is removed here. 

The statement of Theorem 1 1 . 1 1 can be generalized in the following way. Consider the sequence of equations 
of the type 

(1.3) Xn{x,t)=x+ [ an{Xn{x,s))ds + Ul' + <eR+, 



where are non-random functions from the Skorokhod's space D(R+,R™), and the Levy processes are 
given by stochastic integrals 



t 

+ 



Ul^^Uo + I I c„{u)v{ds,du) + / / c„{u)i}{ds,du), ieR+,neN. 

Jo "'||u||>l ^0 "'||ti||<l 

Theorem 1.2. Suppose that the following conditions hold true: 

1) the coefficients a„,n > 1 belong to C^(R'",R'") and satisfy the uniform linear growth condition; 

2) On a, Va„ — > Va, n — > -l-oo, uniformly on every compact set; 

3) the functions ||c„|| are dominated by a function c with [l||„||<iC^(u) + I||u||>ic(u)] W[du) < +oo; 

4) Cn{u) —>■ u,n +00 for Il-almost all u G R™; 

5) ^V,n^ +00 in ©(R+,R™); 

6) Xn ^ x^,,tn ^ t > Q^n ^ +CXD and the function V is continuous at the point t. 

Suppose also that the function a, the measure U and the point x* satisfy the condition of Theorem \l.l\ 
Then the laws o/X„(x„,i„) converge in variation to the law of the solution X{xf,t) to the equation 



X{x^,t)=x^+ a{X{x^,s))ds + Ut + Vt, i G R+. 
Jo 

As a corollary, we obtain the following uniform version of Theorem 11.11 



Corollary 1.1. Suppose that the conditions of Theorem \1.2\ hold true. Suppose also that, for every n G N, the 
function a„, the measure Il„{du) — Cn{u)Il{du), and the point x„ satisfy the condition of Theorem \1.H and 
tn > 0. Then the family of the distributions of Xn{xmtn),n > I is uniformly absolutely continuous. 

Let us also give a partial form of the Corollary [0] that is important by itself. 
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Corollary 1.2. Suppose that the condition of Theorem \l.l\ holds true for every € M™. Then the map 

R" X (0,+cx)) 3 {x,t)^p^,t e ii(M") 
is continuous, and therefore the process X is strongly Feller. 

1.3. Smoothness of the density Px,t- In this paper, while solving the problem of the smoothness of the 
density (both of the law of X{x,t) and of the law of X*{t)), we restrict ourselves by the Levy processes 
satisfying the following moment condition: 

(1.4) / \\u\\Tsi^n{du) < +00. 

J||«||r™<1 

This supposition is crucial for the specific form of the calculus of variations developed below. We believe that 
this limitation can be removed, and the results given below also holds true for the Levy processes without 
any additional moment conditions. But such an expansion should involve some more general version of the 
calculus of variations, based on a "more singular" integration-by-parts formula. This is a subject for the 
further investigation. 

The coefficient a is supposed to be infinitely differentiable and to have all the derivatives bounded. We also 
suppose that 

(1.5) / ||upn(rfu) < +00 for every p < +00. 

J{\\n\\>l} 

These conditions imply, in particular, that 

(1.6) Esnp\\X{x,s) ~ x\\P < +00, p < +00. 

s<t 

Conditions on the coefficient a and condition (jl.Sp are technical ones and, unlike condition (jl.4p . can be 
replaced by more weak analogs in the formulation of the most of the results given below. In order to make the 
exposition transparent and reasonably short, we omit these considerations. 

The main regularity result is given by the following theorem. Denote c{k, m) — j^{km, + m? + 2m — 2), 
A: > 0,TO e N. 

Theorem 1.3. Let a G and p^^ £ (0, +00] for some r G N. Then, for every x £ R"* and t G M"*" with 
> c(fc,m), the density px^t belongs to the class C-B'^(M™). In particular, if a £ and P2,. — +00 for 
some r eN, then p^^t G C^(M'") for every i G M+. 

The following theorem shows that the conditions given before are rather precise. Denote, by 8, the set of 
{x,t) such that P{X{x,t) G dy) — Px.t{y)dy. We do not claim Q to coincide with R™ x (0, -l-oo) and give the 
properties of Px,t for [x, t) G 8. 

Theorem 1.4. a. The density Px,t does not belong to Lr,ioc(K'") for t'd < m(l — r > 1. 
b. The density px.t does not belong to C(IR™) for t'd < m. 
If the condition |j.^[ ) fails, then the following analogues of a,b hold true: 
al. the density px^t does not belong to Lr(K'") for t'd < m(l — i); 
bl. the density px^t does not belong to CB'^{M™) for t'd < m. 

1.4. Smoothness of the invariant distribution. Like in the previous subsection, the coefficient a is sup- 
posed to be infinitely differentiable and to have all the derivatives bounded. The jump noise is claimed to 
satisfy the moment conditions (|1.4p . (jl.Sp . Consider the invariant distribution P* of (|0.ip or, equivalently, 
the distribution of X*{t), where X*{-) is a stationary process satisfying (jO.ip . We suppose the invariant 
distribution to exist and to have all the moments (wc do not claim this distribution to be unique). 
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Remark. The most simple sufficient condition here is the claim for the drift coefficient a to be "dissipative 
at the infinity" : 

(1.7) 3i?eR+,7>0: ia{x), x)m'^ < —/\\x\\l^, \\x\k^ > R. 

Condition ()1.7p . together with ()1.5p . guarantees both that P* exists and that P* has all the moments. 

Theorem 1.5. Let 11 satisfy the wide cone condition and a £ Kqq. 
Then P*{dy) = p*iy)dy with p* e Cj°°(R™). 

2. Sufficient conditions, examples and discussion 

In this section, we would like to demonstrate by a detailed discussion the general results formulated in 
Theorems O-O 



2.1. Absolute continuity of the law of X{x,t). Let us formulate several sufficient conditions for the 
condition (|1.2p to hold true. We are interested in the conditions on the drift a, such that, under minimal 
assumptions on the jump noise, the solution to (jO.ip has the absolutely continuous distribution. Obviously, 
the necessary assumption here is that n(R''") = +oo, because otherwise the distribution of X{t) has an atom. 

The first condition is given in the case m = 1. Everywhere below a;, is used for the initial value of the 
solution. Denote N{a, y) = {x € M.\a{x) = y}. 

Proposition 2.1. Suppose that n(M) = +oo and there exists some 6^ > such that 

\fyeR- # N{a,y) r\{x^ - d^,x^ + S^) < +oo. 
Then holds true, and therefore, for every t > 0, 

Po[X{x,,t)]-^ < 

In [5S|, in the case m ~ 1 only, the law of X{t) was proved to be absolutely continuous under condition that 
a(-) is strictly monotonous at some neighborhood of x,. One can see that this condition is somewhat more 
restrictive than the one of Proposition [5TlJ The proof of Proposition [^Hl as well as the proofs of Propositions 
12.21 12.31 below, is given in the subsection 4.3. 

The second sufficient condition is formulated for multidimensional case. 

Proposition 2.2. Let the measure 11 satisfy the wide cone condition. Suppose that there exists a neighborhood 
O of the initial point x^ such that a G = K^^^^. 

Then holds true, and therefore, for every t > 0, 

Po[X{x^,t)]-^ < A™. 

One can give some more precise versions of the sufficient condition in the multidimensional case, if the 
structure of the drift coefficient is specified in more details. 

Define a proper smooth surface S C R™ as any set of the type S = {x\(p{x) G L}, where L is a proper linear 
subspace of R" and e Ci(M™,R") is such that det V0(O) ^ and (t>^^{{0}) = {0}. 

Proposition 2.3. Suppose that one of the following group of conditions holds true: 

a. ae Ci(K",M'"), det Va(x,) 7^ and 

(2.1) n(R'"\S') = +00 for every proper smooth surface S ; 

b. a{x) = Ax, A e iL(R™,M™) is non- degenerate and 

(2.2) n(R™\L) = +00 for every proper linear subspace L C R™. 
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Then il.S]) holds true, and therefore, for every t > 0, 

Po[X(x„t)]-i <A". 

Condition (|2.ip is less restrictive than the wide cone condition introduced in Definition 11.41 It holds true, 
for instance, if n(M'"\y) ~ +oo for every set Y C M™, whose Hausdorff dimension does not exceed m — 1. 

Condition (12. 2p is close to the necessary one, this is illustrated by the following simple example. Let (|2.2p 
fail for some L, and let L be invariant for A. Then, for G L and any t > 0, P{X{x^,,t) E L) > 0. Therefore, 
the law of X(a;,,i) is not absolutely continuous. 

Condition (12. 2p was introduced by M.Yamazato in the paper [411, where the problem of the absolute 
continuity of the distribution of the Levy process was studied. This condition obviously is necessary for the 
law of Ut to possess a density. In [51], some sufficient conditions were also given. Statement 4 of the main 
theorem in 41] guarantees the absolute continuity of the law of Ut under the following three assumptions: 

(a) condition (|2.2p is vahd; 

(b) n(L) = for every linear subspace L C M™ with dimL < m — 2; 

(c) the conditional distribution of the radial part of some generalized polar coordinate is absolutely contin- 
uous. 

We would like to note that assumption (c) is some kind of a " spatial regularity" assumption (in the sense 
we have used in Introduction) and is crucial in the framework of |41] . Without such an assumption, condition 
(|2.2p is not strong enough to guarantee Ut to possess a density, this is illustrated by the following example. 

Example 2.1. Let m = 2, 11 = J2k>i ^^k^ where Zk = (■^, -jj^), k > 1. Every point Zk belongs to the parabola 
{z = {x,y)\y = x^}. Since every line intersects this parabola at not more than two points, condition ()2.2p 
together with assumption (b) given before hold true. On the other hand, for any i > 0, it is easy to calculate 
the Fourier transform of the first coordinate Ut of Ut = {Ut, Ut) and show that 

lim Eexp{i2nmul} ^ 1. 

This means that the law of U^ is singular, and consequently the law of Ut is singular too. 

Due to Proposition l2.31 (|2.2p is the exact condition for the linear multidimensional equation (jO.ip to possess 
the same regularization feature with the one given in Introduction. We have seen that the process Ut may 
satisfy this condition and fail to have an absolutely continuous distribution. However, adding a non-degenerated 
linear drift, we obtain the solution to (|0.ip (i.e., an Ornstein-Uhlenbeck process with the jump noise) with 
the absolutely continuous distribution. At this time, we cannot answer the question whether (|2.2p is strong 
enough to handle the non- linear case, i.e. whether statement a of Proposition 12.31 is valid with (|2.ip replaced 
by (EUl). 

2.2. Smoothness of the density p^^f Theorems ll.3|l.^ allows one to completely describe the regularity 
properties of the distribution density of the solution to (jO.ip in the case m — I. These properties are determined 
by the value of the order index p (remind that for m ~ 1 the upper order index p coincides with the lower 
order index i9), the only possible cases here are p = +oo, p ^ 0, p E (0, +cx3). 

The case of p = +oo is "diffusion-like", which means that if a G Ki then the density p^^t instantly (i.e., 
for every positive t) becomes infinitely differentiable. The opposite case p = means that the intensity of the 
noise is too low to produce the regular density and for every x G R,< e K+,p > 1 the density px.t, if exists, 
does not belong to Lp^ioc{S.)- 

If we compare equation ()0.ip with the diffusion equations, an essentially new feature occurs in the inter- 
mediate case p G (0, +oo). On the one hand, if a G Ki, then we see from Theorem 11.31 that there exists a 
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sequence {ak = ^^^jjj k > 0} such that p^^t G Ci3'^(R) as soon as t > a/j. On the other hand, p^^t ^ CB^(R) 
for t small enough. We believe that such a feature was not known before and introduce for it the term gradual 
hypoellipticity. 

Thus, if m = 1 and a £ Ki, then the only possibilities for the law of Px^t are 

• Px^t does not have a density of the class ljp>i Lpjoc for any t > (p = 0); 

• the density of Px.t becomes C'^-differentiable after some non-trivial period of time (p £ (0, +oo)); 

• the density of Px.t instantly becomes infinitely differentiable (p = +cxd). 

In some cases the gradual hypoellipticity feature can be described in more details. 

Proposition 2.4. Let rn = 1 and Pi < +cxd. Let H be one-sided, i.e. n((— cxd, 0)) • (11(0, +00)) = 0. Then the 
density p^.t does not belong to CB^iW) for tpi < fc + 1. 



For the proof of Proposition 12.41 see subsection 5.1. If the conditions of this Proposition hold true, p > 
and a £ Ki, then the rate of smoothness of the density is increasing gradually: there exist two progressions 
{a.k = ak + (3} and {bfe — jk + 6} (a, 7 > 0) such that px,t ^ CB'^ while t < hk, but px.t £ CB''{R.) as soon 
as i > afe. 

Example 2.2. Let 11 = J2n>i ^j-'^tI > 1: then i9 = p = pj^ = and the conditions of Proposition 12.41 
hold true. 



The gradual hypoellipticity feature can also occur in the multidimensional case. If rn > 1, i5 > 0, < +00 
and a £ K.^ for some r £ N, then, on the one hand, for every fc £ N Px,t £ Ci3'^(R™) while t is large enough, 
but, on the other hand, for every p > 1 px^t ^ -Zjp,ioc(K™) while t is small enough. 

Let us discuss one more question related to Theorems 11.31 11.41 In Theorem II. 4L no specific conditions on 
a are imposed. In particular, we can take a = and establish the properties of the distribution of the initial 
Levy process U . It is easy to see that any condition involving the order indices cannot provide the distribution 
of Ut to be singular: if I{{du) ~ tt{u) du and n(R) = +00, then the distribution of Ut for every t > Q has a 
density. On the contrary, due to Theorem ll.41 the condition on i9 appears to be the proper type of a necessary 
condition for the distribution oi Ut to have a regular density. Take for simplicity m = 1 and consider the 
property 

UC^ : for every t > 0, the distribution of Ut has the density from the class C^(R). 

Due to Theorem 11.41 the condition p = +00 is necessary for UC^ to hold true. On the other hand, it is 
known (see [2], [36]) that if 

In-i 



(2.3) 



lim 



In- 



u n(rfit) = +00, 



l{\u\<e} 

then UC^ holds true. The conditions p = +00 and (|2.3|) are in fact very similar, since we can rewrite the 
first one to the form 



lim 



£^ In 



u'^n{du) 



In 



n(|u| > e) I = +c 



'{|u|<£} 

However, the following example shows that there exists a non-trivial gap between these two conditions. 



Example 2.3. Let 11 = J2n>i Then, for every r £ N, 



p„ > lim inf 



In- 



1 



N{N -1) 



n(|w| > e) J- > lim inf 7 > n > lim inf — ^ '- — +00. 



2N\nN 
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This means that if the coefficient a belongs to Kr for some r e N, then the solution of ()0.ip possesses the 
C°°-density. On the other hand, for any t > 0, one has 



lim 



Eexp{i2TTN\Ut} = lim TT |exp{in(e^^ - 1 - '^^f^' )} 



N- 

n>N 



1, 



thus the law of Ut for every i > is singular. This provides the example of the situation where p = +oo, but 
the distribution of Ut for every t is essentially singular in a sense that 

(2.4) lim sup |0,7,(z)| = l, 

\z\ — > + oo 

where (pUt is used for the Fourier transform of Ut- Moreover, this provides the following new and interesting 
feature. We say that the Levy noise in Example l2.3l possesses some hidden hypoelipticity (another new term) 
in the following sense. The law of Ut for every t G K+ is singular due to (|2.4|) . But, for any drift coefficient 
a e Koo (that is a rather general non-degeneracy condition on a), the law of the solution to (|0.ip possesses 
the C°°-density. 

2.3. General overview. Let us summarize the answers on three questions formulated at the beginning of the 
Introduction. Let us formulate in a compact form some of the previous results. We omit additional technical 
conditions in the formulation. 

Theorem 2.1. I. If a E loc '^'^'^ satisfies the wide cone condition, then, for every t > 0, x £ R™, 
Pcc,t < A". 

IL If a E Koo and H satisfies the wide cone condition, then P*{dy) = p*{y)dy with p* G Cj^{W^). 
IILa. If a £ Kr and = +0O7 then P^^tidy) — Px.t{y)dy with p^^t £ C^(M™) for every t > 0. 

b. If a E K-r and ^ (0' +00), then Px^t{dy) — Px.t{y)dy with px^t £ C-B'^(R"') for every t > a^. 

c. If 19 = 0, then Px,t, if exists, does not belong to Lpjoc for any t > 0,p > 1. 

Let us note that, surprisingly, the sufficient conditions for an invariant distribution to possess smooth density 
(the part IL for Theorem l2.ip look like much more similar to the sufficient conditions for Pxj to possess some 
density (the part I.) than the conditions for Px^t to possess smooth density (the part III.). 

We would like to finish Section 2 with one more remark. It is known that the property for the distribution 
of the Levy process to be absolutely continuous is time-dependent: one can construct a process Ut in such a 
way that the law of Ut is singular for t < t^, and absolutely continuous for t > t^ for some > (see [55 ] .[39 ) 
and more recent paper [37]). The results given before show that such a feature is still valid for the solutions 
of equations of the type (|0.ip with non-degenerated drift coefficient, but in a different form. On the one hand, 
the part I. of Theorem 12.11 shows that the law of X{x,t) is absolutely continuous for every t > as soon as 
a G KJ^ and 11 satisfies the wide cone condition. Thus the type of the distribution of X{x,t), unlike the 
one of the distribution of Ut, is not time-dependent. The proper form of such a dependence is the "gradual 
hypoellipticity" feature. Recall that such a feature occurs when i9 > 0, < " £ for some r G N. 

Another form of such a dependence is given by parts II. , III. of Theorem 12.11 that show that the regularity 
properties of the distribution density of the stationary solution essentially differ from those of the solution 
to the Cauchy problem. The stationary solution can be informally considered as the solution to the Cauchy 
problem with the initial point —00. Thus one should conclude that while any finite time interval in the case 
1? = is "not long enough" for a non-degenerated drift to generate a smooth density, the infinite time interval 
is "long enough" , provided that a is weakly non-degenerated (a G Kqo) and 11 satisfies the wide cone condition. 
These considerations show that the hypoellipticity properties of the solution to ()0.ip . in general, are essentially 
time-dependent. 
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3. Time-stretching transformations and associated stochastic calculus for a Levy process 

3.1. Basic constructions and definitions. In this subsection wc introduce the stochastic calculus on a 
space of trajectories of the general Levy process, that is the basic tool in our approach. This calculus is based 
on the time-stretching transformations of the jump noise and associated differential structure. Differential 
constructions of a similar kind have been known for some time, say, the integration-by-parts framework for a 
pure Poisson process was introduced independently in [5] and [8] , some analytic properties of the corresponding 
differential structure on a configuration space (over R"*" or a Riemannian manifold) were described in a cycle of 
the papers by N.Privault, cf. [3T] , , . Our construction (introduced initially in (T^]) is slightly different 
and is applicable in the general situation where a spatial variable of the noise is non-trivial. The more detailed 
exposition, as well as some related notions, such as the joint stochastic derivative and the extended stochastic 
integral w.r.t. the compensated Poisson point measure, can be found in fIT\ . 

Let us introduce the notation. By and u, we denote the point measure and the compensated point 
measure, involved in the Levy — Khinchin representation for the process U: 

Ut = Uo + / ui'{ds,du)+ / / uvids^du), 

JO ^||it||>l Jo J||it||<l 

V IS a. Poisson point measure on M+ x (M"'\{0}) with the intensity measure dtl{{du), v{dt,du) = v{dt,du) — 
dtH{du). We use the standard terminology from the theory of Poisson point measures without any additional 
discussion. The term " (locally finite) configuration" for a realization of the point measure is frequently used. 
We suppose that the basic probability space (fi, 5", P) satisfies condition 3^ = (t(i^), i.e. every random variable is 
a functional of v (or U). This means that in fact one can treat O as the configuration space over x (IR'"\{0}) 
with a respective cr-algebra. Also the notion of the point process p(-) associated with the process U (and the 
measure ly) is used in the exposition. The domain D of this process is equal to the (random) set of t G M+ 
such that Ut / and p{t) ^ Ut ~ Ut- for i e D. 

The notation Va, for the gradient w.r.t. the space variable x is frequently used. If the function depends 
only on x, then the subscript x is omitted. If it does not cause misunderstanding, we omit the subscript and 
write, for instance, instead of 

Denote H = L2{M.+ ),Ho = L^{R+) f) L2{M.+ ), Jh{-) ^ g h{s) ds, h G H. For a fixed h e Hq, we define the 
family {T^,t G M} of transformations of the axis IR+ by putting T^XjX G IR+ equal to the value at the point 
s = < of the solution of the Cauchy problem 

(3.1) z'^ i^{s) = Jh{z^j;^h{s)), s G M, Zx^h{0)^x. 

Since (|3.ip is the Cauchy problem for the time- homogeneous ODE, one has that T^^* — o T^, and in 
particular T^* is the inverse transformation to Tj^. Multiplying h by some a > 0, we multiply, in fact, the 
symbol of the equation by a. Now, taking the time change s — we see that T,^ = r^\, a > 0, which together 
with the previous considerations gives that T)* — T^/^, h G Ho, i G M. 

Denote Th = T^, we have just proved that Tsh ° Ttt = T(^s+t)h- This means that 1h = {Tth,t G R} 
is a one-dimensional group of transformations of the time axis R"*". It follows from the construction that 
i\t=oTthX = Jh{x),xeR+. 

Remark. We call Th the time stretching transformation because, for h G C(R^) H Hq, it can be constructed 
in a more illustrative way: take the sequence of partitions {5'"} of R+ with \Sn\ — > 0, n -l-oo. For every 
n, we make the following transformation of the axis: while preserving an initial order of the segments, every 
segment of the partition should be stretched by e'''-*^ times, where 6 is some inner point of the segment (if 
h{d) < then the segment is in fact contracted). After passing to the limit (the formal proof is omitted here 
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in order to shorten the exposition) we obtain the transformation T^- Thus one can say that performs the 
stretching of every infinitesimal segment dx by e'*'^^' times. 

Denote Ufin = {F e S(R''),n(r) < +00} and define, for h e Ho,T G Ujin, a transformation Tj^ of the 
random measure v by 

[T[,^]{[o,t] X A) = iyi[o,nt] X (Anr)) + z.([o,t] x (A\r)), < eR+,A en/„. 

An easy calculation gives that rh{t) = ^{Tht) — h{Tsht) ds, t e M^. We put 



pI = exp ( / ThitHdt, r) - lim [Tht - t]n{T)\ 
[Jr+ J 



Since T^i^ is again a random Poisson point measure, its intensity measure can be expressed through r^(-),n 
explicitly. Thus the following statement is a corollary of the classical absolute continuity result for Levy 
processes, see [35], Chapter 9. 

Lemma 3.1. The transformation is admissible for the distribution of v with the density p^, i.e., for every 
{ii, . . . , t„} C M+, {Ai, . . . , A„} C Ufin and the Borel function (/) : M" ^ R, 

Ecl)i[T^i^]i[0,t,] X Ai),...,[T,fi/]([0,i„] X A„)) =Sp^0K[O,ti] x Ai), . . . , ^[0, t„] x A„)). 

The statement of the lemma and the fact that 3^ is generated by i' imply that the transformation TJ^ 
generates the corresponding transformation of the random variables, we denote it also by T^. 

The image of a configuration of the point measure v under can be described in a following way: every 
point {t,x) with x remains unchanged; for every point {t,x) G N with x G F, its "moment of the jump" 
T is transformed to T^hT] neither any point of the configuration is eliminated nor any new point is added to 
the configuration. In a sequel, we suppose that the probability space J7 coincides with the space of locally 
finite configurations on K+ x R'^ and denote, by the same symbol T,^, the bijective transformation of this space 
described above. 

Let C be the set of functionals / G r\pLp{il, P) satisfying the following condition: for every F G Ufin, there 
exists the random element V^/ G r\pLp{il., P, H) such that, for every h G TJo, 

(3.2) (V^/,/j)^ = limi[rj;o/-/] 

with convergence in every Lp,p < +00. 

Example 3.1. Let A G Uftn, f = T,f = M{t\v{[0,t] x A) = n}. Then / G C and 

NhIK-) = ^I[0,r^](-)Ip(r^)er- 

We denote 

[p^.h) = - / h(t)i){dt,T) 
Jo 

and note that Lp — liiHe^o ^'''^ "'" = —{p^, h), p G (1, +00). 

Lemma 3.2. For every F G Ufin, the pair (V^, 6) satisfies the following conditions: 

1) For every fi, . . . , fn e e and F & ^^(R"), 

n 

F(/i,...,/„) gC and VhF(/i,...,/„) =^i^^ (/!,...,/„) V^/fc 

fc=i 

( chain rule). 

2) The map : h ^ {p^ , h) is a weak random element in H with weak moments of all orders, and 

E{^'^Hf,h)H = -Ef{p^,h), he H, fee 
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(integration-by-parts formula). 

3) There exists a countable set Co C C such that cr(Co) ~ 3^. 

Conditions 1),2) follow from the definition of the class 6 and Lemma f3.1| condition 3) holds true due to 
Example 13.11 

For a given h G H,T E Ilfin,p > 1, consider the map 

: e 9 / (v^/, h)H e Lpin, J, p) 

as a densely defined unbounded operator. Lemma 13.21 provides that its adjoint operator is well defined on 
e C Lq{n, P), i + i = l, by the equality 

[Vlrg = -iP^,h)g-Vlg. 

Since C is dense in Lq{n,3^, P), this means that Vj^ is closable in the Lp sense. 

Definition 3.1. The closure ^ of in the Lp sense is called the stochastic derivative in the direction 
{h, F) of order p. The F-stochastic derivative of order p is defined for / € r\heHDom{Dj^ p) such that there 
exists g G Lp{n, P, H) with 

(g, h)H = Dlj, heH, 
by the equality Dpf = g. li p = 2, then p is omitted in the notation. 

Now a differential structure on the initial space of trajectories is constructed, and it is natural to try to 
develop some calculus which would provide statements of the type "if for a functional / the family {D^ f, F G 
Il/in} is non-degenerate in some sense, then the law of / is regular." The stratification method or the Malliavin- 
type calculus of variations is supposed to be a natural tool here. However, the differential structure developed 
before has some new specific properties that does not allow us to apply these tools immediately. The most 
important feature is illustrated by the following example. 

Example 3.2. Let / = r^, h,g e Cb{M.+) D L2{M.+) be such that h{t) J^g{s)ds ^ g(t) J^g{s)ds,t > 0, then 

DlD^J - hir^^) I " g{s) ds ^ gir^) [ " his) ds = D^^Dlf 
Jo Jo 

almost surely. In particular, this means that the family of transformations {Tj^,h e Hq} is not commutative 
and therefore cannot be considered as an infinite-dimensional additive group of transformations. Roughly 
speaking, the differential structure described by F-stochastic derivative is non-flat. 

One possible way to overcome this difficulty and to introduce an analog of the stratification method in 
the framework described before was developed in [22j. There, some transformation (corresponding to the 
transformation of the Levy process into the associated point process), that changes the non-flat gradient 
to some linear-type gradient over a space R°° , was used. The relation between these two gradients is close 
to the one between the "damped" and "intrinsic" gradients on the configuration space over the Riemannian 
manifold (see [55]). 

The analysis based on the change of the space and the gradient allows one to apply the stratification method 
and obtain efficient conditions for the absolute continuity of the distribution of a solution to (|0.1[) or (|0.2p . 
However, this analysis appears to be rather complicated. Below we introduce another approach based on the 
new notion of a differential grid. This approach not only simplifies the way the stratification method can be 
applied, but also allows us to develop the efficient stochastic calculus of variations and consider the question 
of the smoothness of the density. 
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3.2. Differential grids and associated Sobolev classes. 

Definition 3.2. A family S = {[a,i,bi) C M+, hi E Ho, F,; e Hfm, i G N} is called a differential grid (or simply 
a grid) if 

(i) for every i ^ j, ([a,,b,) x T.'j n {[aj,bj) x T^^ = 0; 

(ii) for every i G N, Jhi > inside (0^,6^) and Jhi — outside {ai,hi). 

Any grid S generates a partition of some part of the phase space 1R+ x (M'"\{0}) of the random measure v 
into the cells {Si = [(li-hi) x Tj}. We call the grid S finite, if Si = for all indices i G N except some finite 
number of indices. 

Denote Tl = tJ^ . For any i G N, i,t G K, the transformations Tl,Ti commute because so do the time 
axis transformations Tthi,T^f^,. It follows from the construction of the transformations that, for a given 

i G N,t G M, 



F; Fi 



rri Fi rr F,- J " ' ' n y- V^it^ij „ 

TtTn=TthJ^' { ^ r r n cvcry 71 

I^G [aj,6j), r;,' G [a,,6j) 

(see Example 13. II for the notation t^). In other words, Tl does not change points of configuration outside the 
cell Si and keeps the points from this cell in it. Therefore, for every i,i G N, i,/: G M, the transformations 
Tl,T~ commute, which implies the following proposition. Denote, by = ^o(I^)j the set of all sequences 
I = {^j, i e N} such that it^{i\k 7^ 0} < +00. 

Proposition 3.1. For a given grid S and I G Iq, define the transformation 

This definition is correct since the transformation T/. differs from the identical one only for a finite number 
of indices i. Then — {Tf' ,1 G ^o} is the group of admissible transformations of Q. which is additive in the 
sense that T;^_^;^ = T^^ o T^^, ^1^2 G 4- 

It can be said that, by fixing the grid S, we choose, from the whole variety of admissible transformations 
{Tj^,h G Ho,r G Hfin}, the additive family that is more convenient to deal with. Let us introduce the 
gradients and Sobolev classes associated with such families. 

Denote, by £2, the Hilbert space of the sequences 



l = {k,ieN}: \\l\U, 



Define P G ^2, i G N by 1^ = 1, P- = 0, i 7^ j. 



^2 

lie 



< +00, {I, l)^^ = ^ (Jikk. 



Definition 3.3. The random element / G Lp{il, P, E) {p G (l,+oo)), taking values in a separable Hilbert 
space E, belongs to the domain of the stochastic derivative if 

1) for every ieN,eeE, (/, e)^ G Dom{Dllp); 

2) there exists g G Lp{fl, P, £2 (81 E) such that D^^i ^{f, e)^ = (.g, P)£2®-E for e G i?, i G N. 
The element g is denoted by D^f. If p = 2, then p is omitted in the notation. 

The class of all elements / G Lp{VL,P, E) stochastically differentiable in the sense of Definition [3l3] is denoted 
by VFp (S, E)- This class is a Banach space w.r.t. the norm 



\\lf^iE\\fr^+E 



9~ " 



D^pf 



since the operator D^'^ is closed in Lp. 
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Similarly, define the Sobolev class Wp{S,E) for d > l,p > 1 as the domain of the operator [D^j'^f, it is a 
Banach space w.r.t. the norm 



Wp'd 



[e2]«"'(^E 



E\\fr^ + Ej2\\[Dlff 
(. fe=l 

At last, define as the adjoint operator to D^. This operator is called the stochastic integral, which is 
natural, in particular, due to the following example (see also [21^, Theorems l.f and 1.2). 



Example 3.3. ft follows from Lemma l3T2l that a non-random element P G £2 belongs to the domain of every 
and 

J9(P) - -p^ = / h,{s)i){ds,du). 

J(ai,bi)y.Ti 

The following properties of D^,I^ are due to the chain rule (Lemma 13. 2[ statement 1). The proof is 
analogous to the proof of the same properties of the stochastic derivative and integral w.r.t. the Wiener 
process and is omitted. 

Lemma 3.3. 1) Let fj e W^{9,Ej),j ^ 1, . . . ,n, F : Ei X • ■ • X En ~* E be Frechet differentiable, continuous, 
and hounded together with its derivative. Then F{fi, . . . , fn) £ Wp{9, E) and 

n 

D^Fih, ...,/„) = ^ f;(/i, ...,/„). Dif,. 

2) Letge Dom{I^J,fe Wp,iS,R), Pi>P2- Then fg G i?om(/S), where p = ^^J^^^^^ , q2 = and 

llU9) = f-lU9)-{DlJ,g),,. 

3.3. Existence of the density via the stratification method. In this subsection, we give two sufficient 
conditions for the existence of the density for a functional on (fi, 9^, P). The first condition is formulated in 
terms of the Sobolev-type stochastic derivative introduced in the previous subsection. 

Theorem 3.1. Consider the W^-valued random vector f — (/i,...,/m) which belongs for some grid S to 
T^2^(g,R"). Denote, by S-'^'S = (e{;^)^^^i, the Malliavm matrix for f, 

^if = {DSfk,D^fr)i,, fc,r = l,...,m, 

and put d^{f,S) ~ {uj\'S^'^ {uj) is non-degenerate} . Then 

P o/-i<A". 

The proof is made in the framework of the stratification method (see [7] , Chapter 2 for the basic construc- 
tions of this method) and contains several standard steps. First, let us choose a countable set C i?o dense 
in £2- For any [= (?\ ...,/") G [4]", we denote 

Ji{f,T) = {uj\ the matrix {{D'^ fk^Hi'^)'^ r- 

is non-degenerate}. 

Then 3V(/, S) = ^i^[t,]'^^{f A) and thus, in order to prove the statement of the theorem, it is sufficient to 
prove that, for every fixed Fg [^o]™, 



(3.3) P 



_ of-' « A" 



The set / generates the commutative group of admissible transformations of (fi, J, P), indexed by 

— . . . TS 



Tt = Tl^,o■■■oT^^^^, t ^ [t^, . . . ,t„,). 
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In order to prove p.3p . we proceed in the foUowing way. Consider the stratification of (51,3', P) on the 
orbits of the group {Tt,t G R™}, which can be considered in our case after a proper parametrization as 
]R'" or some proper hnear subspaces of M."\ The group {Tj} generates a measurable parametrization of 
(fi, P) (the detailed exposition will be given further), and thus P can be decomposed into a regular family 
of conditional distributions such that every conditional distribution is supported by some orbit. Denote, by 
Pi = (X^ieN ^iPhl^ ■ • ■ ' X^ieN ^Tpfii)^ the logarithmic derivative of P w.r.t. {Tt}. Then, for almost all orbits 7, 
the conditional distribution Py, supported by the orbit 7, possess the logarithmic derivative pi ^, that is equal 
to the restriction of pj on the orbit 7. Since pi has an exponential moment, pi^ has such a moment too for 
almost all 7. This implies (see |4i. Proposition 4.3.1) that, for almost all 7, P-y possesses a positive continuous 
density. 

On the almost every orbit 7, the function is equal to the restriction of / on 7 and belongs to the Sobolev 
class r]pWp{Py). This fact is more or less standard and we do not give the proof here. In a linear framework, 
this subject was discussed in details in [^H]. The non-linear case of a commutative admissible group {Tt} is 
quite analogous. We refer the interested reader to [20] and references therein. 

Taking into account this analytic background, we can apply the change-of-variables formula on the almost 
every orbit 7 and obtain the absolute continuity of the image of the measure Pj under the map fj. After 
all, p.3p is obtained by the Fubini theorem. We omit this part of the exposition, referring the reader to [7], 
Chapter 2, or [SD]- 

Now let us verify that our specific group {Tt} generates a measurable parametrization of {fl, 5", P), i.e. there 
exists a measurable map $ : f2 ^ M™ x such that S7 is a Borel measurable space and the image of every 
orbit of the group {Tt} under $ has the form L x {uj}, where L is a linear subspace of R™. This condition 
was supposed to hold true under the considerations made before. 

In order to shorten the notation, we restrict ourselves to the case where 

{1, i = r 
, r = l,...,m, 
0, otherwise 

the general case is quite analogous. For z = 1, . . . , m, we denote Di — {t £ D (1 {ai, 6i)|p(r) G Ti}, a — '''2°' ■ 
Let G il be fixed. We recall that uj is interpreted as a (locally finite) configuration. Set I{uj) — {i\Di{u!) ^ 0} 
and, for i G /(w), we define Tiiuj) = miDi{Lu). Note that, due to condition (ii) of Definition 13.21 for every 
i — 1, . . . , TO and x G {ai,bi), the transformation 

is strictly monotonous and its image is equal to {ai,bi). Therefore, for every i G there exists the unique 
Zi{LLj) G M such that T^.r^ = c^. Denote z{uj) = (zi(a;), . . . , Zm((jj)) G K™, where 2i(w) = for i ^ Denote 
by D, the set of all configurations satisfying the following additional condition: for every cell S^, i = 1, . . . , m, 
either the configuration is empty in this cell, or the moment of the first jump in this cell is equal to c^. Now 
put, for every oj G , vu^oj) = [Tz(^^)Uj] G Ct. Then the map 

^ : Lo h-> (z(ti)), tu(aj)) 

provides the needed parametrization. The theorem is proved. 

Another version of the previous result can be given in the terms of the almost sure stochastic derivative. 
Although we will not use the framework of almost sure stochastic derivatives while studying equation (|0.ip . 
it can be very useful while studying the distributions of some other classes of functional. Thus we formulate 
briefly the main points of this framework. 
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Definition 3.4. For a given grid S, the functional / is called to be almost surely (a.s.) differentiable w.r.t. 
S, if there exists a random clement f with values in £2 such that, for every I £ £0, 



{D^f,l)i^, t^O almost surely. 
The element f is called the almost sure (a.s.) derivative of / w.r.t. S. 

Theorem 3.2. Consider the random vector f = such that, for some grid S, every functional 

fr,r — 1,. . . ,m is a.s. differentiable w.r.t. S- Denote f]^'^ — 

tif = {DSfk.D^fr)i,, fc,r = l,...,m, 

andputJ{{f,^) = {ijj\T,^ (uo) is non- degenerate] . Then 

« A'". 



P 



Proof. Due to the arguments given in the proof of the previous theorem, it is sufficient to prove the same 
statement in a finite-dimensional case, i.e. when Q. is M™ and 7^ is the canonical group of linear shifts in 
M™. In this situation the needed statement holds true due to the standard change-of- variables formula and 
the following lemma. 

Lemma 3.4. Let, for some m,neN, the function : R" ^ R", G : M™ ^ R™ x R" be such that, for every 
a G M™ for X"" -almost all x G R™, 

j\\F{x + ta) - F{x) - t{G{x),a)R^\\iii^ ^0, t ^ 0. 

Then, for every e > 0, there exists G C^(R™,R") such that 

A"({a;|i^(x) ^ F,{x)} U {x\G{x) ^ \IF,(x)\) < e. 

This result is a straightforward consequence of the Lebesgue theorem about the points of density for a 
measurable set and the following statements. 

Proposition 3.2. /. ( 9 , Theorem 3.1.4). Let the function f : R™ R" be approximatively differentiable at 
every point of a set A C R'" along all the vectors from the basis. Then, for X^"" -almost all points a £ A, the 
function f has the approximative derivative at a. 

IL Theorem 3.1.16). Let A CW^ , f : A ^ R" and 

(3.4) aplimsup "^y-^,i°^"^" < +00 

x^a \\X - a\\M_^ 

for X''^ -almost all a E A. Then, for every e > 0, there exists g G C"'^(M™,R") such that 

A'"({x|/(x)^.g(x)}<£. 

We are not going to discuss definitions of the approximative limit and derivative here, referring the reader 
to [9]. Let us only mention that the usual differentiability along some direction implies the approximative 
differentiability along this direction, and if the approximative derivative exists, then (|3.4p holds true. Theorem 
13.21 is proved. 

The following theorem gives the convergence in variation of the distribution of random vectors in terms of 
their derivatives, and will be used in the proof of Theorem 11.21 
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Theorem 3.3. For some given grid S cind p > m, consider the sequence of -valued random vectors 
{/"} C Wpi(g,R") such that 



fn^ftnW^'r, n^+oo. 



Then, for every A C J^if, S), 



in variation. 



P 



o 



A 



f-'^P of-\ 71 ^+00 



The statement of the theorem fohows, via the stratification arguments analogous to those given in the 
proof of Theorem 13. 1|, from the finite-dimensional criterion for the convergence in variation of the sequence of 
induced measures, given in [T] (see [T], Theorem 2.1 and Corollary 2.7). 

Let us mention that the analog of Theorem l3.3l can be also given in the terms of the almost sure derivatives, 
but an additional uniform condition on the sequence {/«} should be imposed in this case. We do not discuss 
this subject here, referring the interested reader to [22^ 

4. Absolute continuity of the distribution of a solution to an SDE with jumps 

4.1. Differential properties of the solution to an SDE with jumps. We are going to apply the general 
results about the existence of the density obtained in the previous section to the specific class of functionals: 
solutions to SDE's with jumps. The first step, that is necessary here, is to verify whether such solutions are 
either stochastically or a.s. differentiable. In this subsection, we give the answer to this question. 
Consider the Cauchy problem for equation ()0.1|1 of the type 



(4.1) X{x,t)^x+ [ a{X{x,s))ds + Ut-Uo, i G M+. 

Jo 

We suppose that a belongs to C^(M™,M™). We also impose the linear growth condition on a: 

3K: ||a(x)f <X(l + ||xf). 



These conditions provide that equation ()4.ip has the unique strong solution. Moreover, these solutions con- 
sidered for different x, t form a stochastic flow of diffeomorphisms. 
Denote A(x, it) = a{x + u) - a{x),x G R™, u G M"*. 

Theorem 4.1. I. For every x G M'",f G M+,r G Ilfimh G Hq, every component of the vector X{x,t) is a.s. 
differentiable w.r.t. {T^fi,r ^S.}, i.e. there exist a.s. limits 

Yk{x,t) = \im^[T^f^Xk{x,t) - Xk{x,t)], k = l,...,m. 

The process Y{x, •) satisfies the equation 

(4.2) Y{x,t)^ [ [ A{X{x,s-),u)Jh{s)i^{ds,du) + [ [Va]{X{x,s))Y{x,s)ds, t>0. 

Jo Jr Jo 

II. The solution X{x,t) is stochastically differentiable with the derivative given by Ii4-2\ l. 



Remark. In a sequel, we use only statement II. Statement I provides here the main part of the proof and is 
emphasized only for the convenience of the reader. 

Remark. The statement close to statement I was proved in [52]. The statement close to statement II 
was proved in for m = 1. We cannot use straightforwardly the result from [5H] since the proof there 
contains some specifically one-dimensional features such as an exponential formula for the derivative of the 
fiow corresponding to the solution of the ODE (Lemma 1 [28]). 



18 



ALEXEY M.KULIK 



Proof of statement I. It is sufBcient to consider only the case where a, Va are bounded. The general case 
follows from this one due to the standard localization arguments. 

Denote = {t e f : p{t) e T}, Qk = {T) n {0,t} = 0,#(Dr n (0,t)) = fc,},fc > 0. Since T e Hfi^, 
f2 = Ufci^fc almost surely and it is enough to verify that the needed statement holds true a.s. on every flk- The 
case fc = is trivial. 

Denote iy*{t, A) = v{t, A\r), U^' = J* /gd^p ^{ds, du). For a given t > 0, t e (0, t),p G R'', x G W\ consider 
the process Xl' on [0, t] such that 



x + J^a{Xl)ds + Ut*, t < T 

X + /J h{xi) ds + p + u;, t>T 



Note that the point process {p{T),T e T)^} is independent of v* ^ and the distribution of the variable rf = 
minD'", while this variable is restricted to ili, is absolutely continuous. Then statement I on Q,i follows 
immediately from Example 13.11 and the following lemma. 

Lemma 4.1. With probability 1 for \^ -almost all r G (0, t), 

^ xr' = -Aix;_,p)et, 

de s=o 

where £■* is the stochastic exponent defined by the equation 

E; = /r™ + ^ V6(X^(s))£: ds, r>T. 

Proof. X^ is the value at the point t of the solution to the equation 
(4.3) dXt = a{Xt) dt + dU; , 

with the starting point r and the initial value 

Xl^Xl_ +p. 

Suppose that e < 0. Then XI = Xl^^ , s < t + e. Thus Xl^^ is also the value of the solution to the same 
equation with the same starting and terminal points and with the initial value being equal to 

+P + I a{x:+-) ds + [u; - . 

Jr+e 

Thus the difference $(r, e) between the initial values for X^^'^^X^ is equal to J^_^^[a{XJ^'^) — a{XJ)] ds. 

The process {U^} has cadlag trajectories, and therefore almost surely the set of discontinuities for its 
trajectories is at most countable. Therefore almost surely there exists the set T = T(w) C of the full 
Lebesgue measure such that 

5it,j)= sup [\\u: -U:\\]~^0, 7->0, teT. 

|s-i|<7 

Then, for s G (r + e, e), 

\\X: - II + \\X:+^ X;_ p\\ < C, {\e\ + S{r^ \e\)}. 

Here and below, we denote, by C, , any constant such that it can be calculated explicitly, but its exact form 
is not needed in a further exposition. Thus, for t G T, 

||$(r,e) +e[a(X;_ + p) - a{X;_)]\\ < C, \e\{\s\ + 5(t, |e|)}, 

which implies the needed statement. 
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The case e > is analogous, let us discuss it briefly. Again, take r 6 T and represent as the solution to 
()4.3|1 with the initial value Xl_ +p. Xl^^ is also the solution to ()4.3p but with the other starting point t + e. 
The estimates analogous to ones made before show that, up to the o(|e|) terms. 



X 



T+e 



^T+e 



^{-aiX;_+p) + aiX;_)Y 



which implies the statement of the lemma. The lemma is proved. 

Now let fc > 1 be fixed. Consider the countable family of the partitions Q = {0 = qo < qi ■ ■ ■ < qk = t} 
with qi, . . . , qk-i G Q and denote 

rjg = {© n {q.„ I = 0, fc} = 0, n {q^-l,q^) = 1,1 = 1, . . . , k} , Q £ Qfc. 

We have flk = Uq^q^Hq. Therefore it is enough to verify the statement of Theorem 14. II on flq for a given Q. 
The distributions of the variables tJ ,j — 1, . . . ,k (see Example 13. II for the notation tJ), while these variables 
are restricted to flk, are absolutely continuous. Then statement I on Qq follows immediately from Example 
13.11 the standard theorem about differentiation of the solution to equation ()4.ip w.r.t. the initial value, and the 
statements analogous of one of Lemma |4. II and written on the intervals [0, qi], [qi, q2], . . . , [qk~i, t\. Statement 
I is proved. 

Proof of statement II. Again, suppose first that a, Va are bounded. In the framework of Lemma 14.11 one 
has the estimate 



(4.4) 



xr'^xn\<c.\s\ 



valid point-wise. Indeed, both X^^'^ and X^ are the solutions to (|4.3p with the same initial point (r for e < 
and T + e for e > 0) and different initial values. The difference between the initial values are estimated by 



[a{X:+^)-aiX:)]ds 



for e < and by 



T+e 



a(XJ+-) - a(XJ)] 



< -2||a|| 



< 2||a|Ue 



for e > 0. Thus, inequality (14.4|1 follows from the Gronwall lemma. Using the described before technique, 
involving partitions Q E Qk, and applying the Gronwall lemma once again, we obtain that almost surely on 
the set rife 

\\T^^,Xix,t)-Xix,t)\\<kC,\e\. 

This means that the family {^[T^f^X{x,t) — X{x,t)]} we already have proved to converge to the solution to 
(|4.2p almost surely as e — > is dominated by the variable 

c, •Ki,r) e npLp{n,j,p). 

Therefore the convergence holds true also in the Lp sense for any p, and X{x, t) is stochastically differentiable 
with the derivative given by (|4.2p . 

The last thing we need to do is to remove the claim on a to be bounded. Consider a sequence {a„} C 
C^(R'",M™) such that a„(x) — a{x) for ||a;|| < n. We have just proved that the solution X„(x,i) to an 
equation of the type ()4.ip with a replaced by a„ is stochastically differentiable and its derivative Yn{x,t) is 
given by an equation of the type (14.21) with a replaced by a„. The sequence {a„} can be chosen in such a way 
that it satisfies the linear growth condition uniformly w.r.t. n. Under such a choice, 

Xn{x,t) X{x,t), Yn{x,t) Y{x,t), n ^ +00 

in every Lp{Q,,P,W^). Since the stochastic derivative is a closed operator, this implies the needed statement 
for X{x,t). The theorem is proved. 
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4.2. The proofs of Theorems II. 1|, 11.21 The proof of Theorem 1 1.1 1 is an essentiaUy simpHfied version of the 
proof of the analogous statement in [22 • It is based on the other version of the absolute continuity result, 
with the conditions formulated in the terms of the point process {p(t),t e D}. Below the initial value is 
fixed, and we omit it in the notation writing X{s) = X{x^, s). 

Denote, by {£r}, the stochastic exponent, i.e. the m x m-matrix-valued process satisfying the equation 



Er = /r™ + / Va{X{s))£s ds, r e 
Jq 



This process has continuous trajectories. The matrix fi^ is a.s. invertible for every r, and, moreover, almost 
surely 

sup ||£~^||r™xR'" < +00. 

r<t 

We do not discuss this fact in details, since the technique is quite standard here (see, for instance [51], Chapter 
5, §10). 

Lemma 4.2. Denote by St a linear span of the set of vectors ■ A{X{t—),p(t)),t £ Dn(0,t)} and put 
rit — {uj\ dimSt^Lo) = m}. Then 

P\n, o « A™. 

Proof Denote, by 5"", a linear span of the set of vectors {£^^ •A(X(t—),p(t)), T £ Dn(0,t), ||p(r)||Rd > i} 
and put fl" = dim S'"(a;) — m}. It is clear that fit = and thus it is enough to prove that 

P\nf o [X{t)]-^ < A™ for a given n. 

Let n be fixed. Consider the family of differential grids {S^, iV G N} of the form 

1 ?■ - 1 s - r)^ 

Tf = T-^{u\\\u\\>-}, af = bt, = —-^ hf{s) = h{-j^^), .e(a„M,*eN, 
n N 

where h G i/o is some function such that Jh > inside (0, 1) and Jh = outside (0, 1). 
Our aim is to show that almost surely 

(4.5) C y (lu) is non-degenerate }. 

AT 

Here J^^W'^"^ is the Malliavin matrix for the random vector X{t) (see Theorem 13. ip . Theorem 13.11 together 
with ()4.5p immediately imply the needed statement. 

Denote D" = 2)^", A^* = {cj|Dn{^,2 G N} = 0, #{t G Ii"n(a,,6,)} C {0,1}, 2 = 1, . . . , [A^t + 1]}. 
Since F" G 11 fin, one has that almost surely 



in.t-\ 

N 



Thus in order to prove l|4.5p . it is sufficient to show that, for every N, the matrix E'^^')'^ is non-degenerate 
on the set fij' n A^*. 

A change of the point measure outside [0, t] does not change X{t), thus 

r>N 

(i:»S X(t),0£2(S") = for any ? : k ^ 0, i < [Nt + I]. 
This means that the matrix jg tJ^g Grammian for the finite family of the vectors in M™ 



1, i = r, 
0, otherwise. 



^ {D^^X{t),l%^^,.^,...,Yi^'+'^ ^ {D^X{t)ji^^^%,^S^^, V = (/[), = 
Therefore 1]''^(*)'S jg non-degenerate iff the family {y , r = 1, . . . , \Xt + 1]} is of the maximal rank 
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The family {Y^} on the set can be given expUcitly. First of aU, let us write the solution to equation 



()4.2|1 in the following form: 



(4.6) Y^{t)^tt( [ Jh{s)E-'^A{X{s-),u)i^{ds,du), t>0, h e Ho,T e Ufir,. 

Jo Jr 

Taking in dH]) T ^ and h ^ ,r = 1, ... ,[Nt + 1], we obtain that, on the set V = CrEtY'' , 



(c.,f'') 



r = l,...,[Nt + l], where 

' (/if (t,),£-1 • A{X{Tr-),p{Tr))), {t € D" H (a,, 6,)} = {Tr}, 

(1,0), {reD"n(a,,5,,)} = 

The matrix £.t is non-degenerate, the constants {cr} are positive on v4^*. This means that {y} has the 
maximum rank iff the same holds true for {1^''}. But the family {Y^} contains all the vectors 

{£;i.A(X(r-),p(T)),TeD"n(0,i)} 

and therefore has the maximal rank on il". This means that {Y''} has the maximal rank on fi" n A^* and 
(|4.5p . together with the statement of the lemma, holds true. The lemma is proved. 



Lemma 4.3. Under the condition of Theorem \l.l\ 

(4.7) In = _ iiif Il(u : \\u\\ > —,{A{x,u),v)^d ^ o) ^ +00, n — > +oo. 

This statement follows immediately from the Dini theorem applied to the monotone sequence of lower 
semi-continuous functions 

(/)„ : B(a;,,e,) x {||?;|| = 1} 3 (x,v) ^ u(^u : \\u\\ > ^, {A{x,u),v)js,a ^ 0^. 

Proof of the Theorem \1.1\ Denote by § the set of all proper subspaces of R™. This set can be parametrized 
in such a way that it becomes a Polish space, and, for every of the random vectors the map 

Lu >—>■ span (^i(a;), . . . , S.k{^)) defines the random element in §. 

For every n > 1, consider the set 2)" = {t", T2*, . . . }. For a given 5* £ §, (5 > 0, let us consider the event 

= {S^ ^ S*} = {3^ : < 6, E;} A{X {r^ -) , pir^) ^ S*} 

(see the beginning of the proof of Lemma [4.21 for the notation 5"). One has that ^\A2 C Bs U Cg, where 

Bs = {3s e [0, S] : X{s-) ^ B(x„ £,)}, 

C'i = n[{^" >^}^ {X{rr^) e B(x„e,),£-M(X(r,r-),p(rf )) e 5*,r« < S} 

i 

The distribution of the value p{t^) is equal to A~^n|r", where F" = > i}. A" = n(F"). Moreover, 

this value is independent with the cr-algebra J'r"--, and, in particular, with the variables X{t"~), This 
provides the estimate 
(4.8) 

P[{r^ > 5}U{X(rf-) e B(x„e,),£;„iA(X(rr-),p(rf)) e S\r^ < 6} 1 < „>,j + (1 - l!i)I{ 
It follows from that 

/ \ "^([0:5] XT") 

PiC^) <Ei - exp{-(57„} ^ 0,n ^ +00. 

Since Ag C {Ss <f- S**}, this means that almost surely 

(4.9) {Si c 5*} c Bg. 
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Now we take S < and iterate ()4.9p on the time intervals [0, 6], [S, 25], ... , [(m — 1)S, mS] with SI — {0}, 5*2 = 
Ss, . . . , 5*j = S'(m-i)i5 (we can do this due to the Markov property of X). We obtain that 

m 

{dim5t < m} C [J {dini5(fc_i)5 = dim5fe5 < m} C Sms- 

k=l 

Since P{B,ns) 0,S ^ 0+, this provides that P{dimS'f < m} = 0, which together with Lemma l4?2l gives the 
needed statement. The theorem is proved. 

Proof of Theorem \1.SX Due to statement II of Theorem 14. 11 the solutions X„(a;„, i„) to (|1.3p are stochasti- 
cally differentiable and their derivatives are given by SDEs of the form ()4.2p . The usual localization arguments 
allows us to restrict the consideration to the case where {a„} are uniformly bounded together with their 
derivatives and 11 is supported by some bounded set. Then, applying Theorem 4, |10j . Chapter 4.2, we obtain 
that, for any p > 1, X„(x„, t„) converge to t) in the Lp sense, together with their stochastic derivatives 

given by (j4.2p . This means that, for every finite differential grid S and any p > 1, 

Xn{xn,t^) ^ X{x,,t) in W^pi(g,R"'), n^+TO. 

Thus the statement of Theorem 11.21 follows from Theorem 13.31 

4.3. The proofs of Propositions [27l] 12.31 Proof of the Provosition \2.1\ Take = Then, for every 

X e £*), 

{-u|A(x,u) = 0} = {u\a{x + u) = a{x)} C {|u| > C,5^}iJ{u\x + u e N{a,a{x))n{ + S^)} = A1UA2. 

Here we used that a is Lipschitz. The set A2 is finite and therefore n(A2) < +00. The set Ai is separated 
from and therefore n(Ai) < +00. Since n(M) = +00, this means that Il{A{x,u) 7^ 0) = +00. Proposition 
is proved. 

The proof of the Proposition 12.21 is almost trivial: for a given x £ B{x^,, e^),v G Sm one should take 
w — w{x,v), given by the Definition 11.31 and for this v choose g G (0, 1) such that Il{V{w, g)) — +00 (this is 
possible since 11 satisfies the wide cone condition). Then, for every D > 0, Il{u e V(w, g), \\u\\ < D) = +00, 
and dllSl) follows from (fTT]) . 

Proof of the Provosition \2.S[ Consider the set ^x,,e, of the functions (j>x ■ 3 u 1-^ a{x + u) — a{x) G 
M™, X G i?(a;*, £*). It is easy to see that if for every Hnear subspace Ly = {y\{y, v) = 0}, w G Sm, 

n(u|M ^ (/)"^(L^)) = +00, 0G$:r.,£., 

then (|1.2p holds true. In the case b, ^x,,6, contains the unique function 0(w) — Au. Since A is non- 
degenerate, (f)~^{Ly) is a proper linear subspace of for every v G 5'™, and (|2.2p provides \1.2\ . In the case 
a, 4>x G C^(M™,M™), and for small enough detV0a;(O) = detVa(2;) ^ 0, a; G B{x^,£^). Then 0~^(i„) is a 
proper smooth subspace of M™ for every v G S„n and (|2.ip provides (|1.2p . Proposition is proved. 

5. Smoothness of the density of the solution to the Cauchy problem 

5.1. The irregularity properties of the density. We start our exposition with the easier part: the proof 
of Theorem 11.41 and Proposition 12.41 that give the irregularity properties of Px,t- 

Recall that the function a is supposed to be globally Lipschitz and the jump noise is supposed to satisfy 
the moment condition (|1.4p . 

Proof of Theorem \1.4\ the case m — 1. For e G (0,1), denote A'P — ^^^i^^^^^uYi{du) and consider a 
decomposition of the process Ut of the form 

Ut^Uo + RI + Vt^ -tAP, Rt^f [ ui>{ds,du), = / / uv{ds,du). 

Jo -'||u||<e Jo J\\u\\>e 
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i?( is a martingale, and its quadratic variation is equal to 



u^iy{ds, du). 



\M<e 



We have that 



Eim'i = E 



H 2 



u^v^ds, du) 



"'||«||<e 



u^Il{du) ds 



"'||ti||<e 



t [ u'^u{du) + f [ u^n{d 

J||ti||<e "'ll«ll<e 



U) 



and therefore, for e small enough. 



Em""?, < c. 



In- 



p{e). 



Applying the Chebyshev and Burkholder inequalities, we obtain that, for every given a > 0, 



P(sup|ii^|>s-")<^^ 



-el 2 



<C. 



Pie). 



Next, for every e G (0, 1) 

P(F/ = 0,s e [0,<]) = exp[-tn(|u| > £)] > exp[-£"2t / Ae^W{du)] = exp[tp(e) Ine] = 
Denote = {li?^"! < 4"", V"/ = 0, s e [0,t]}. Since , are independent, we have 



1-C. 



e^" In - 



Considering a sequence £„ ^ 0+ such that p{en) p,n +oo, we obtain that, for n big enough, 

PiAl-) > \eliP+'^l 
Denote, by the solution to the ODE 

(5.1) =x+ /" a{X''{x,s))ds-t]Vr". 

Jo 

By the construction of the set A^" , we have that on this set 

\X{x,s)-X'''{x,s)\<L [ \X{x,r) ~ X"^{x,r)\dr + e'^-°', sG[0,t], 
Jo 

where L denotes the Lipschitz constant for a. Then, by the Gronwall lemma, \X{x,t) — < e^*£,\~" 

on the set A^". Thus there exist two sequences ?/„ = X"(a;, t) — e^*£^~", z„ — X"{x, t) + e^*e]^°' such that, 
for n big enough, 

(5.2) P(2/„ < X{x,t) < z„) > C. (z„ -y„)(P+">T^. 



Now we can complete the proof. For y < z 



(5.3) / f{v)dv<\\f\\Ljz^y), 



f{v)dv<\\f\U 



I'-i dv 



||/||i^(z-y)^,r G [l,+oo). 



Let tp < 1 - 7- Then there exists a > such that {p + a) ■ < 1 - i and (|5.2p together with (|5.3p 

indicates that p^^^t ^ Lr(M). This proves the statement al. Analogously, if < 1, then there exists a > 
such that {p + a) ■ < 1 and (|5.2p . (|5.3p indicate that p^j^t is not bounded, i.e. Px,t Ci3°(R). This proves 
the statement bl. Under condition p.4p there exists hm„^+oo = M° and the sequences {yn},{.Zra} are 
bounded, that implies statements a,b. 
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Proof of Theorem \1.4\ the case m > 1. Consider a decomposition of the process U — {v}, 
form 



, [/") of the 



[/; = m + R 



where i?f 



■ 

€,i 



gously to the proof of the case to = 1, one can verify that 



i = 1. 



. ,TO, 



P(sup||i?^|| >£^-") <C. 
s<t 



z^" In - 



= /£<|.»|,||n|l<i"'n(du). Then, analo- 



On the other hand, 

F(F/ = 0,se [0,t]) = exp 



-ffl |J{K|>e} 



> exp 



~tY,Il{{W\>e}) 



Then, just as in the case to = 1, for every a £ (0, 1) there exist sequences {y^} C K*", i 
such that 6n ~* and 



ati5(e) 



re and {5„}R+ 



(5.4) 



PiK G 2/,\ + Snii = 1, . . . , to) > C. 



The arguments analogous to those used in the proof of the case to = 1 show that (|5.4p imphes statements 
a,b,al,bl of Theorem ll.4l The theorem is proved. 

Proof of Proposition \2.4\ If Pi = +oo, then the statement is trivial. Thus we consider only the case 
Pi < +O0. Without losing generality, we can suppose that n((— cx3,0)) — 0. 

Consider a sequence {£«} such that pi{en) ^ Pi- Since pi(e) > /52(e), for the sequences {yn},{-Zn} given 
in the proof of Theorem [LH (the case m = 1), the following estimate holds true: 



(5.5) 



PiVn < X{X, t) < Z„) > C, (Z„ - 



Denote, by X*{x,t), the solution to an ODE of the type (|5.ip with Af^" replaced by M°. It follows from the 
comparison theorem that the law of X{x,t) is supported by [X*{x,t), —00) and the density p^^t is equal to 



zero on (-00, X*{x, t)). On the other hand, M° - M'^" < 



£n In T- 



Pii^n) — o(£^j "), n — > +00 and therefore. 



for n big enough, (?/„, z„) n {—00, X*{x, t)) 7^ 0. Therefore one can show iteratively that if Px.t G CB'', then 



jfc-i 



dy 



Px.t, s 



< C, (z„ 



jfc-2 



Px.t 



dy 



fe-2 



{y) 



< C, (z„ - y„)^, . . . , \pxAy)\ < C*. (z„ - ?/„)'', y e iyn,Zn), 



and P(y„ < X(a;,i) < z„) < C, (z„ — yn)''^^- Comparing this estimate with (|5.5p and taking a sufficiently 
small, we obtain the needed statement. The proposition is proved. 

5.2. Smoothness of the density. The crucial difficulty in the proof of the smoothness of the density is that 
the stochastic derivative Yff of the variable X{x,t), given by Theorem 14. 11 is not stochastically differentiable 
w.r.t. {T^ii}- This formally does not allow one to apply the standard Malliavin-type regularity results. 
Moreover, the detailed analysis shows that this difficulty is not only formal and the integration- by-parts 
formula for the functionals of X{x,t) (formula (|5.24p below) actually contains some additional "singular" 
terms. Below we introduce the calculus of variations based on such integration-by-parts formula and obtain 
the sufficient conditions for the density of the law of the solution to (|0.ip to be smooth. 

Let us introduce some necessary constructions. We would like to have an opportunity to divide any "portion 
of the jump mass" 11 into an arbitrary number of parts. Such an opportunity is guaranteed by the following 
construction: we suppose that the point measure u, correspondent to the process U, is in fact a projection 
of another point measure v with a more wide phase space and the specially constructed Levy measure 11. 
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To be precise, we suppose that the probability space is generated by a Poisson random point measure v on 
M+ X M™+-'^ with the intensity measure A"'^ x 11, 11 = 11 x (A^|[o.i])j ^^nd v is expressed through u by 

v{[o,t] X r) = v([Q,t] X r X [0,1]), t e M+,r G n/i„. 

It is easy to see that such supposition does not restrict generality, since for a given v we can construct u, 
making an appropriate extension of the initial probability space. 

For the "extended" random point measure f, we will use the terminology and constructions from Section 
3. Further we denote u — {u,y) E M™+^, the subsets of are denoted by bold symbols, such as T. We 

also denote, by p(-) = (p(-)j <?(•)): the point process corresponding to u. 

Given the measure H, let us construct the monotonously decreasing sequence G Z} in the following 

way: 



1, ^ = l-{\n\+2)-\neZ. 



By the construction, the sequence {£„} has the following properties: 

£n i 0, n ^ +00, e„ ^ oo, n ^ — oo, > 1, n — > oo, sup < 2. 

£n n £«+! 

Denote /„ = G [£„+!,£„)}. Let t G IR.~'',7 G (0, > be fixed, define the numbers Kn G N,n G 

by 

max I^B, 2ffl(/„), ^ ■ 2'"l-2i2n(/„ 



where [x\ = max{fc G Z, /c < x}. By the construction 



Kn>B, ±-Ii{In)<\, £tf(/„)<|:.2-H. 

We consider all the sets of the type /„ x [-^p^-, y-) C /c = 1, . . . , Km n G Z, and enumerate them in 

an arbitrary way by the parameter « G N. The i-th set from this family will be denoted by Tj . Now, we can 
consider the the grid S''' for the random point measure v in the following way. 

1) Every time interval [aJ^hD is equal to [0,t). 

2) The family of sets {Fj} is the one constructed before. 

3) For every i, the function hj has the form (£^^ A where n = n[i) is such that = /„ x [^^^ -^) 
for some k. The function h G C°°(M) is such that Jh ~ outside (0,t), Jh > inside (0,t) and J/i = 1 on 
{l3,t — /?), where the constant /? G (0, \) will be determined later on. 

Denote 5^ = ^i{^{T G D n [0,l)lp(r) G F^} < 1}. AU the variables #{r G D n [0, l)|p(r) G F/} are 
independent Poissonian variables with the intensities = ^ .^ For any Poissonian variable ^ with 

the intensity A, the inequality > 1) < ^ holds true. Thus 
(5,6) 

f (H') > n n (i - ^^?^) s 1 - E E ^^i^^ - 1 - E 

Our trick is to replace the initial probability P by 



P(S7) 

We will study firstly the distribution of X{x,t) w.r.t. and then tend 7 to 0. The key point here is the 
following analog of the classical Fourier lemma (see [2B] or Lemma 8.1 |TT1). Below we denote, by E'* , the 
expectation w.r.t. P^. 
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Lemma 5.1. Suppose that, for some k > 0, there exists constants Ci, . . . ,Ck+m G such that, for every 
7 e (0, i), F G C^=«(R™), n < fc + m, ai, . . . , a„ e {1, . . . , m}, 

(9 5 



(5.7) 



-F 



ix{t)) 



< C„ sup 



Then P{X{t) e dx) = p{x)dx with p e CB''{R"'). 

Proof. The Fourier lemma provides that P'^{X{t) £ dx) = p~'{x)dx with p^ e CB^'{E™-) and 

d d ^ 



< Cm, ,ak e {1, . . . ,to}. 

Due to (|5.6p . the measures P'^{X{t) G •) weakly converge to P(X(f) g •), 7 — ^ 0+. This implies the needed 
statement. The lemma is proved. 

Thus, our further goal is to construct the grids S"*^ in the special way in order to provide (|5.7p to hold true. 
Let us mention that S'^ is invariant w.r.t. T^f^i, and Iho G 14^^(3'*', K) with l^-i — 0, p £ (l,+oo). This 
means that the "censoring" operation P 1— > P'' described above is adjusted with the differential structure. On 
the other hand, the following proposition shows that P"*" is some kind of a mixture of the Bernoulli and uniform 
distributions. Such a measure appears to be more convenient for us to deal with, than the initial Poisson one. 
Below we omit the superscript 7 in the notation for E"^ and (but not for P''). 

Proposition 5.1. Denote 

S° = {{r G D n [0, 1)|p(t) G T,} = 0}, E] ^ S\S^ = {{r G D H [0, 1)|p(t) G T,} ^ {n}}. 

Then 

h) the distribution of Ti w.r.t. P(-|S^) — P^{-\'E,l) coincides with the uniform distribution on [0,t] (below 
we denote this distribution by \\ ); 

c) the distribution of p{Ti) w.r.t. P(-|S^) is equal to /ii(-) = "*n (T^) 

d) for any ii, . . . ,ik G N, ij ^ ii,j ^ I, a\, . . . , flfe G {0, 1} the sets S"^\ . . . , are jointly independent 
w.r.t. P"' ; 

e) for any ii,...,ik G N, 7^ ii,j 7^ I, the variables Ti^, . . . ,ri^,p(rij), . . . ,p(rij.) are jointly independent 

w.r.t. p^i-mU^)- 

Proof. Denote by 1/^,1 G N the point measures, defined on K+ x M™+^ by 

i^,([0,s] X A) = i/([0,s] X (r, nA)), s G K+,A G S(M™+i),i G N. 

The following facts (valid for any disjoint family of the sets Fiji G N with n(r,;) < +00) are well known in 
the theory of the Levy processes: 

(i) the measures G N} are jointly independent; 

(ii) for every i G N, the domain of the point process Pi, correspondent to i/i, is a.s. locally finite; 

(iii) for every i G N the sequences {r^, Tj, . . . } and {^1,^21 ■ ■ • } of the points of the domain of pi (enumerated 
increasingly) and correspondent values of p^ are independent; 

(iv) the process iV] = #{fc|Tfc < s} is a Poisson process with the intensity n(ri); 

(v) {^^, A: > 1} are i.i.d. random vectors in M™+^ with their common distribution equal to j-j-' p . 



For any i G N the sets a = 1, 2 belong to a-{N!), and E = ~ p|jgpj[^° US]^]. Using this, one can easily 



i(r,) 

verify that (i) - (v) imply statements c),d),e). For a Poisson process N with the intensity A, we have that 
PiNt^O) = e-*\ P{Nt = l) = itX)e-'^=^PiNt = 0\Nt<l) = -^, P(A^t = l|iVt < 1) = 
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This provides the statement a). At last, for the moment t of the first jmiip of the process N, the following 
relation holds: 

P{r < s\Nt = 1) = [{tX)e-'^] P{N, = 1, TV, = 1) = [{tX)e~'^] {(sA)e-^^ • g-^*-'^)^} = sE [0, t]. 

This provides the statement b). The proposition is proved. 

Consider the space f2 = Yli^f^iiOA} x [0,<] x R™+i) with the measure M = njGN(^^(TTt) ^ x ^J■ij, 
here Be(p) denotes the Bernoulli distribution with P{1) = p. For every -cu — {6i,Si,Ui,i G N) G J7, we define 
the configuration oj = uj{zu) in the following way: it consists of the points {{si,Ui) G [0,t] x R™+^,i G /^}, 
where — {i\9i — 1}. Let the function / G Lo{n,3^, P) depend only on the values of the point measure on 
[Q,t] X ]R™+\ define /(ro) = Since < P, Proposition O hiiplies that the map / ^ / is well 

defined, i.e. taking a P-modification of / we obtain the function that is Af-a.s. equal to /. Further we omit 
the sign and denote by / both the function defined on Q and its image defined on f2. 

Denote = {6^ ^ j},j = 0, 1 and A//(-) = M{-\Q^.),j = 0, 1. Denote 

E/= / /MM(dt^), E^/- / f{r^)M^{dw), j=0,l. 
Ju Jn 

Define the transformation e*''" : fl fi\^(s^w) G [0,i] x Fj in the following way: it does not change all 

coordinates with indices not equal to i and replaces [Qi, Si, u^) by (1, s, u). The restriction of this operator on 

fll is just an appropriate version of the operator adding the point (s, u) to the configuration (see 

Denote, by the same symbol the transformation 

Lo(f^,P)9/(-)-/(£r-)eio(f^°,M°). 

Recall (see the discussion in "25^, Section 1) that, for two different modifications /i,/2 of / G Lo{il,P), the 
functions ei'"/i,ef"/2 may be not equal to M° a.s. for the given (s,u). But the set {(s,u) : £^'"/i £i'"/2} 
has zero A, x /^^-measure. This means that the family of the transformations {e^'", (s,u) G [0,t] x Ti} is well 
defined in the Lo{[Q,i\ x Ti,Xl x ^i) sense. 

The following formula is a simple corollary of Proposition 15. f I and is, in fact, the main purpose of the 
construction given above. 

Proposition 5.2. For any f G Li{V,, P), i G N, 

(5.8) E\f^-J'j^ [E^^erf] ^,,{dn)ds. 

Now we are going to proceed with the proof of Theorem If .31 We will do this in two steps. 
Proof of Theorem the case m — 1. 

Consider the functionals / = X{t)ls (we omit the initial value x in the notation for X{x,t)) and gi = 
Df^,^f,i G N. The latter derivative exists since D^^ls = 0. Due to Theorem mH one has 

g, = J/i^(t,)4, [a(^X{n-)+pin)^ - a(x(T,-))] I^i, z G N. 
Since Va is bounded, |£^. | < C, and a(^X{Ti—) + p{Ti)^ — a(^X{Ti—fj < C, \p{Ti)\. We recall that Jhi — 

(^n{i) ^ l)"^^ ^-nd II J/l||oo < +00, thus 

(5.9) Eff' ^ ^' T.Pl(^^)Ki^) A 1)1- < C, 5](f Ae^(,))lHi. 

ieN zSN iGN 

We have 

EJ2(^ A el^^^n^. = P(S) ^^(f A 4w) < ^ = 

ieN ieN ieN 
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Here we used that e„ < 2en+i < |u| for u E In- Thus the series on the right-hand side of (|5.9p converges in 
the Li sense, g {g^) G L2{n,P,i2) and / e T^aHS^) with D^j = g 
We put Z = llgll^ > 0. For any function F e , one has 



0- 



almost surely and in every Lp. We will show below that {Z > 0} — S almost surely. Thus, in order 

2 

to estimate E'^F'{f) = EE' {f)\^-, , it is enough to estimate EE' {f)-^j^ in such a way that is uniform in 
c and allows the summation over i. The key point here is the following moment estimate. For a given 
/c G N, ii, . . . , ife e N, Ui, . . . Ufc G M^, si,. . . ,Sk G [0, t], we denote 



(5.10) eO,...,,J.] = E[.|0,, =...0,, =0], 



Si.Ui Sfc,Ufc 

■il ' ' ik 



E ^'^^ 



Lemma 5.2. Let a G anc? ^^^P2r > some r G N, a G [0, +cxd). Then, for every k G N, there exists 

d > such that, under an appropriate choice of the constants B,(3 in the construction of the grids S"* , 



(5.11) sup sup sup sup sup 

7 i<k n,....iieNuierij,...,uier,, si,...,sie[o,t] 



pO Tr^ui,...,-ai 



(Sl, • ■ ■ ,Si)] 



-a — 5 



< +00. 



Proof. In order to shorten the notation, we consider only the case k — I, the general case is completely 
analogous (namely, the only change in the proof will be that the term _B — 1 in (|5.17p should be replaced by 
B — k). Everywhere in the proof of the lemma, we omit the subscript near i,u, s. 

We use the arguments that are not the simplest possible here, but appear to be appropriate both for the case 
m — 1, and for the general case considered in Lemma [5.51 below. We return from the "censored" probability 
space (12°, Mj!^) to the initial one P) and provide (|5.1ip by the arguments analogous to those used in the 
proof of Theorem 11.11 

We have P{E'^) ^ P{'^)j^ > C, > 0, and thus E^[-] = [P{E°)]'^E[- n E°] < C, E[-]. Let us denote 

TfcGD:p(Tfc)^r, 

and estimate where e*'" denotes the operator adding the point (s,u) to the configuration. 

For D = [D{a, r) A 1] {D{a, r) is given in Definition II. 3p . we have 

here we used that £q is separated both from and from +oo by some non-random constants. 
Denote 

A,{x) = {{Tfc G D n [/3,i - /3] : p(rfc) ^ T,, \p{Tk)\ < D, \p{Tk)\ > x> 0. 

Due to the Chebyshev inequality, we have 

F(£'*^"Z,; < C. x^-") < 



< CEexp ' 



-2r 



E 



pin)] ''l|p(Tfc)i<-Dl|p(Tfc)i<> 



Tk£Dn[P,t-p]:p{Tk)^Ti 
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(5.13) 
where 

Denote 



Tk£T)r\[P,t-P]:p{Tk)iT,.\p{Tk)\<D 



exp{-x-2'-[p(rfc)]2'-}, b(rfc)|<^, 



0, 



\p{Tk)\ > XT. 



TfcGD"n[/3,(t-/3)]:p(Tfc)^ri,|p(r;,)|<_D 

we have 0" ^ 0, n — * +cxd. We may assume that the (locally finite) set {rk} — D" is ordered in the natural 
monotonous way. Denote, by 11^, the projection on the first coordinate of the measure Hii-) — Il{-\Ti). For 
every k (r^ e 2)") the value of the jump p{Tk) is independent of 5"^ = S^t^- Vcr(Tfc), and the distribution of the 
jump is equal to [n,({|u| > i})]-i • n,(- n {\u\ > i}). Take x < D,n > and denote 7,f = n,{{\u\ > i}). 
Then 



J ■^<\u\<>c 



"}n,;(dt 



(5.14) =i-[7r]-i|n,(|w| >>^) + 

It follows from (|57Ti)l that 



/ [1 - exp{->*-2r^2r|p^(^^) I 

./i<|«|<>t J 



(5.15) 



1 - [7?]"' I n,(|?/| >><)+/ [1 - exp{-><-2'-M2^}]n,(dw) 
I ji<|„|<jt 



-| N{n,i,D,l3) 



where N{n, i, D, (3) = #{fc|Tfc e i — i < |p(Tfc)| < D} is the Poissonian random variable with its intensity 
equal to 7(n, i, D, /3) = (i - 2/3)n,(i < |u| < D). We have ^^"''""''^^ ^ - 2/3), and thus ([gTS]) implies that 



(5.16) < Van sup 0"(>f) < exp -(t - 2/3) 

71 — !- + 00 I 

It follows from the construction of the grid that 
(5.17) 



J\u\<x J 



n.(-) > ^n(.). 



because while one cell is removed, the "row" with the number n(i) still contains i^„(i) — 1 "copies" of this 
cell. Then, using l|5.16p and the elementary inequality 1 — exp(— x) > ^^x, x € [0, 1], we obtain that 



(>f) < exp <^ -(i - 2(3) 



e-lB-1 



exp - t-2/3 —In 

' e B 



n(|u| > x) + x-^-" 



J\u\<>c J 



and consequently, for k = , 

(5.18) P(e^'"Z, <C,k)< C,k-^^^P'-^^^K 

Now we put 5 — \\t^^P2r ~ Q^] ^^'^ choose /3 and B in such a way that ^—^§^^—^^-^P27- > 
(I5.18P implies that 

lim sup >r""-*F(£^^"Z, < k) < +oo, 



a + f. Then 
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that proves the needed statement. The lemma is proved. 
Let i be fixed. We can write 

„2 



Z + c 1 + Ai Z + c 



since = on ri\S^. Using (|5.8p . we write 



Z + c t 





[l 







(s) 



(5.19) 



E° 



J^'(/u(s))G,.u(s)r^,u,c(s)ds 



^i(du), 



where the following notation is used: /u(s) = e^'"/, 5i,u(s) = e^'^ffi, Gi,u(s) = [-'^^i(s)] "^gi.u(s), 2'u(s) = 

We are going to write the integration-by-parts formula for the integral w.r.t. ds in (|5.19p . In order to do 
this, we need some notation and preliminary results. 

Definition 5.1. The function / : R+ ^ M is called to belong to the class ACPD (absolutely continuous + 
purely discontinuous) if / £ BViod^'^) there exists the function g G Luoci^^) such that 



/(r-)-/(0+)= [ g{s)ds+ 



e(0,r) 

The function g A-'^-a.s. coincides with the derivative of /. Therefore we denote g ~ f ^ '§^f ■ 

If / belongs to ACPD and is continuous, then it is absolutely continuous. In this case, we say that it belongs 
to the class AC. 

The following statement is quite standard, and therefore we just outline its proof. 

Proposition 5.3. Let /i,...,/„i belong to the class ACPD. Then, for every P G C^(M'"), the function 
Fifij ■ • ■ J fm) belongs to the same class with 



[F{fl, • ■ ■ J /m)]' — ^ -Pfc(/l, ■ ■ • J frn)fk, 



k=l 

[P{fl, . . . , f,n)]{s + ) - [P{fl, . . . , fm)]{s^) - [F{fl{s + ), f,n{s + ))] - [F{fl{s-), . . . , /™(s-))] 

(the first equality should be understood in the X^-a.s. sense). 

Sketch of the proof. The statement of the proposition is trivial when /i , . . . , have only finite family 
{si < ■ ■ ■ < s„i} of the points of discontinuity, and belong to the class C^ on every interval [sk, Sk+i], k = 
1, . . . , m — 1. If the functions /i, . . . , belong to the class AC on every interval [sk, Sfc+i], then one can prove 
the needed statement for them, approximating them, together with their derivatives, in Li sense on these 
intervals by smooth functions, and then passing to the limit. In the general case, one should first approximate 
every function fj by the functions fj,e > 0, defined by the relations 



//('^-) - /;(o+) = f f',{s)ds+ J2 [/(s+)-/(s-)]i|/(.+)-/(.-)i>e, 

and then again pass to the limit as e ^ 0+. 



sG(0,r) 
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Proposition 5.4. There exist the modifications of the processes X(-), £q such that, for any u e Ti, 

1) for every r g [0,t], the function s i~* e^'"X(r) belongs to AC with its derivative equal to 

^er^(r) = (£,^'"£D[a(x(s-) + ^i) -a(x(s-))]l[o,.](s), s e [0,t]; 

2) for every r G [0,t], the function s i-^ £^'"£0 belongs to AC with 
d 



d. 



{ere^,)[a[x{s-) + u)-a(^X{s-))] / a"(e,^'"X(z)) dz • I[o,.] (s), s e [0,t]; 



3) the function s ^ £q belongs to AC with ^£9 ~ '^'{-^{■^^))^0) 

4) the function s > X(s~) belongs to ACPD with -^X{s—) = d{X{s—)), d{x) = a{x) — J^^^^^ull{du). 
The set of jumps of this function coincides with {sj\9j = 1}, and the value of the jump at the point Sj is equal 

to Uj . 

Proof. Statements 3), 4) follow straightforwardly from the construction of X{-),£q. Statement 1) is just 
the statement of Theorem 14.11 reformulated to the other form. Statement 2) follows from the considerations 
completely analogous to those given in the proof of Theorem 14. II The proposition is proved. 

As a corollary, we obtain the following statement. 

Proposition 5.5. There exist the modifications of the functions f,gi such that, everywhere on for every 
u e Ti, the function Yi^y^^d') belongs to the class ACPD, and the following integration-by-parts formula holds: 

(5.20) / F'(/u(s))G,.u(s)y,,u,c(s)ds = - / F{f^{s))[Y,,^J (s) ds- ^ F(/„(s)) [r,.„.,(.s+) -y,,u,,(s-)] . 

Proof. It follows from Proposition 15 . 81 that ~ Ci,u belongs to ACPD with 
(5.21) 

|G,,u(s)| < C2{a)\u\, |[G,,u]'(s)| < C2{a)\u\{l + \X{s~)\), |G,,u(s,+) - G,,„(s,-)| < C2{a)\u\\u,\, j / i, 



where the constant G2(a) depends only on ||a'| 



Analogously, for j ^ i, the function 



s^Gjj-u(s) = (e-'"£*^.) a(e"'"X(sj-) + - a(^e^'"A:(sj-)) j 
belongs to AC with 

(5.22) |G.,j,u(s)| < C2ia)\ujl |[G,,,- u]'(s)| < C2{a)\u\\uj\. 

Then the function J2j^i[JlT-j{sj)]'^Gi,j,u{') belongs to AC with its derivative dominated by |u|(G2(a)- 1| J/il|oo)^Ci 
where 



(5.23) 

Therefore the function 



e = 2^(u2 A l)I{e,=i} G n Lp{f2,M). 



P>1 



z.{-) = Gi^{-)[jh,{-)]'+j2[jh,{s,)rci^^{-) 

belongs to the class ACPD. At last, Z^{s) + c > c > 0, and, applying Proposition 15.31 with F G G^(M^) such 
that F{x,y) = | for a; G R, i/ > c, we obtain that i^i^u.c belongs to ACPD. Applying once again Proposition 
15.31 we obtain (|5.20p (we use here that Jhi{0) — Jhi{t) = 0, and thus yi,u,c(0+) = i^i,u,c(^— ) = 0). Proposition 
is proved. 

Estimates (|5.2ip . ()5.22p straightforwardly imply the following estimates for [Fi^Ujc]' and [i^i,u,c(s)— ^i,u,c(s— )] 
that do not involve c. 
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Proposition 5.6. 1) For every s G [0,t], 

IK,u,c]'(s)| < 2{\u\ A l)(C2(a) • WJhUfi^ + 1 + \X{s-)\m[s)]-\ 
2) For every j ^ i, 

\Y^^uAs3) - y^,uAs3-)\ < C2{a)i\u\ A l)(|u,| A 1) [S,"(s,)]^' I{e,=i} ■ 
The constant C2(a) depends only on ||a'||oo, ||a"||oo- 

Now we can write down the integration- by-parts formula for the functionals of / = X{t) on (5^,P'''). 
Denote, by E'^ , the expectation w.r.t. P'^ and put l^.u = i^i.u.o- 

Lemma 5.3. Let a G and ^^^P2r > 2 for some r e N. Suppose that the constants f3,B in the 

construction of the grids S'^ are given by Lemma \5.2\ with a = 2, k = 2. Then 

(5.24) 



/or every F G C^(M), anrf 



^ii{d\i) 



(5.25) 



^i{du) < +00. 



Remark. Two terms on the right-hand side of (j5.24|) can be naturally interpreted as the integrals of F{f) 
w.r.t. some signed measures. Estimate ()5.25p shows that these measures have finite total variation. The 
essential point here is that the second term in the integral w.r.t. the measure that is, in fact, singular w.r.t. 
the initial probability. This motivates us to call (|5.24p the singular type integration-by-parts formula. 

Proof. We have supg^jQ E\£^ + 1 + X{s—)\^ < +oo for every p < +oo, thus statement 1) of Proposition 
and Lemma 15.21 provide that 

E° / |r/„(s)|ds/i,(du) < C. (e„(,) A 1), z G N,c> 0. 
T, Jo 

Next, we use statement 2) of Proposition 1 5 . 41 and Proposition 15 . 21 to write 



,,u,c(sj) - Yi^-a,cisj~)\dsfii{du) < 
A, 



<^(£„(,)A1)^ E/ X E^^^.^^(£„(,.)Al)[E::f(.,5)]-V,(dti)d5M.(du)< 



< C'2(a)(e„(,) A 1) 



EAj(e„0) A 1) 



sup prfis,S)]-' 



l.J,U,U.S,S 



< C. (£„(,) A 1), iGN,c>0 



(see (|5.10l for the notation Z"j^"). In the last inequality, we used Lemma and the fact that, due to condition 

(HI), 

E^j(£n(j) Al) < 2 J {\u\ Al)n(dM) < +0O. 

Once again, we use J2i ^i{^n(i) A 1) < -f oo and deduce (|5.24p and (|5.25p . The lemma is proved. 

Remark. The explicit estimates given above show that there exists a constant Ci < +oo such that, for 
every grid 5'^ constructed in the way given above for any 7 > 0, the expression on the left-hand side of (j5.25p 
is dominated by Ci. 
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The last thing we need to complete the proof of Theorem 11.31 is to iterate ()5.24p in order to provide an 
estimate for EF^'^\f) in the terms of sup^ 1^(2^)1 (F'"' denotes the n-th derivative of F). The essential point 
here is that the measure is also the product measure and possesses the constructions given before for the 
measure M. 

Let us rewrite ()5.24p to the form that is convenient to the further iterative procedure. For a given n, we 
denote, by 0(n), the family of all partitions 9 — {9i, . . . ,9r) of the set {1, . . . , n} into non-overlapping parts 
(for instance, A(2) contains two partitions ({1},{2}) and ({1,2})). Denote also, by N^, the set of all vectors 
in with all coordinates not equal to one another. For a given i = {ii, . . . , z„) G N'2, u = (ui, . . . , u„), s = 
(s\ . . . , s*"), and a partition 9 = {9i ^ {9l, . . . ,9i}, . . . ,9r = {9}., . . . , 9lr}) e A{n), we denote 



S,U r Si,Ui Sl,U9 



S2 +!2 1 



° £i , O 

L Ml 



Now, using the statement analogous to the one of Proposition 15.21 applied to instead of E, we can write 
(I5.24P in the form 



(5.26) 



where r{9) is the number of the components in the partition 9, and the functions are either a derivative 
or a jump of the function u (in the notation of (|5.24p l multiplied by ~ +i) ~ t(x +i)(x- +i) ' 

respectively. 

Take F e C^(R) and apply (f?:^ to F ^ F' . Then the terms of the type E^ ^^i^'(£|'g"/) K"g(s) occur on 
the right-hand side of (I5.26|) . For every such a term, we write 



(5.27) 



A,; 



(A. + 1) Jr, Jo 



9, 



2 1 



ds^i{du), 



where Si^.ia — 9i - From Proposition l5.4[ we get that the function s e^'"e|'"/ belongs to AC with 



The function s 



[J/l^(s)]£■'"e|;" 



^^Ei e.'J = [Jh,is)] 



belongs to ACPD with its derivative and jumps satisfying the 



estimates analogous to those given in Proposition l5.61 but with E" replaced by e^'"e|'"Ei^ij^i2^i, where E^^i^.i^ = 
ii 12 9j- ^a.st, using Proposition 15.41 and the explicit form of (s), one can verify that the function 
s 1-^ e|'"K"g(s) also belongs to ACPD with its derivative and jumps dominated by 

C, £_ ■ AiAijAi2(e„(j) A l)(e„(ij) A l)(e„(i2) ^ l)Pi,n,i2]~^j 

where the constant C, depends only on the coefficient a, and the variable ^ belongs to HpLp. This means 
that, under an appropriate moment condition imposed on [Si^ij^,^]^'^, we can write the integration-by-parts 
formula on the right-hand side of (|5.27p and obtain the analog of (|5.26p with E^ F"{f ) on the left-hand side. 
Let us formulate this statement for the derivative of an arbitrary order. For a given i e NJJ, we denote 

= X • • • X Ti^^fl^ — ^i-^ X • • • X /ii^, E? = Eij^...^i^, = X^i^if?- 

Lemma 5.4. Let n E N be fixed, a G and ^^^P2r > 2n for some r £ N. Suppose that the constants /3, B 
in the construction of the grids S'^ are given by Lemma \5.2\ with a = 2n, k = n. 
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Then there exists a set of the functions : [0, tY^"'^ R, i G N^", 6* e e(27i), u e [R2]2"} ^^^/^ ^/^^^ 
(5.28) null ^F(e^^f)Yy^,{s)ds^J^(d^i), 

and 
(5.29) 

/ / £1\Yf,{s)\d-s^Ji^{dn) < C{n, S)X,, . . . A,,„ . . . e„(,,„)(l + e„(.,))'^^"''^ •■■(! + £«fe„))''"'"''\ 

j € N^"',^ G 0(2n), where C{n, S), M(n, S) are some constants depending only on n and the number 5 given by 
Lemma \5.2l 

Proof. The iterative procedure described before shows how one can deduce formula ()5.28|) for a given n from 
the same formula for n—1: one should take one term in (|5.28p and write down the formula analogous to (|5.27p for 
it. This explains how the coefficients K" of the order n (i.e., with i G N^") are constructed: one should take all 
i G N^"^^, i ^ i and calculate the derivative and the jump part of the function s 'iff+ij^ " I-^" ^ ] ■ 
All such functions are exactly the new coefficients Such a description of the family } allows one to 
rewrite it to the form {K" (s) — 7J"g(s)[e|'^E;^]~^"}, where the functions {H^g} are defined iteratively. The 
power 2n here appears, since the power of the denominator increases by 1 twice on one step of the induction: 
the first time when the term ^ ^ is added, and the second one when either a derivative or the jump part 
is calculated. 

Using the explicit expressions for the derivatives and jumps of the processes X{-), £q (which the functions 
{gi}, and thus the functions are expressed through) one can deduce by induction on n that, for every 

index sets i G N^ii with I = iU j = h, . . . ,In, for every ordered sets p — {pi, . . . ,pk) C l'^,o = (oi, . . . , Ofe) G 

{o,l}^ 

(5.30) \d;i... d;^et^' Hlg{s)\ < C. effel;^[l + m^x |X(s)|]^(~-'=)Az, . . . (£„(z,) A 1) . . . (e„(z„) A 1), 

i G Nl'\e G e(2n),s G [0,tY'-''\u G Tj,s^ G [0,t]^-",u G Tj^j, where d° denotes the derivative w.r.t. 
the variable with the number p, dp denotes the jump w.r.t. the same variable, £j^j" = Sj^j'e with 9^ = 
({1},...,{A^ — n}). We do not need estimate (|5.30p in its full generality, we only need the partial case 
j — i, k = 0. In this case, we have the estimate 

(5.31) \Hf^gis)\ < £f;;[l + max |X(s)|]*^(")A,, . . . A,,„ (£„(,,) A 1) . . . (£„(,,„) A 1), 

i G Nf^,9 G 9(2n),s G [0,t]'"(^\u G Tj, where M{n) is some constant. Note that estimate (|5.3ip is not well 
designed to be proved by induction on n, while (|5.30|) is; this was the only reason for us to write firstly estimate 
()5.30p . Now, using Lemma \5l2\ we obtain 



/ / E-0|y,°(s-)|d.>,(du)< / / E?e|;[l + max|X(.)|]'^'^^^ds>,(du) 



2n + S 

X 



x\i ■ ■ ■ Xi2„ (en(ii) A 1) . . . (£„(j2„) A 1). 

Since Va is bounded and /{|„|>i} |M|^n(o?M) < +oo for every p, there exists such a constant C{n) that 



E-0£|;;[1 + max|X(s)|]^^^ < [C{n){l + ||uif ^(")) . . . (1 + ||u2„ir'("^) 

This provides (|5.29|) . The lemma is proved. 
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Now we can complete the proof of Theorem 11.31 in the case m = 1. We apply Lemma f5.4l for n < k + 1. 
Equality ()5.28p and estimate (|5.29|) immediately imply that (I5.7|l holds true. Thus the needed statement holds 
true due to Lemma |5. II The proof is complete. 

Proof of Theorem ] 1.3[ the case m > 1. All the technique, that is necessary for the proof of Theorem 11.31 
in the general case, was already introduced in the proof of the case m = 1. Our aim now is to adapt this 
technique to the multidimensional situation. 

Again, denote f = X{t)lE, gi = D}J f, now /, are the random vectors in R™. Considerations analogous 
to those given after estimate show that g = (.g,) £ L2{n, P,M™ 0^2) and / e 14^2^(9^, R") with f = g. 
We put 

Z^^g^®g^, Zi = ^g^®g^, ~i^W^,n>\, 



Z is the Malliavin matrix for the vector /. We can write down the estimate analogous to (|5.9|) for ||Z||jj„2 
and then prove (for instance, calculating the Fourier transform of the right-hand side and then estimating its 
derivatives of all the orders) that ||Z||ju„2 g CipLp. 

We use the notation a G {1, . . . , m} and a — (ai, . . . , a„) £ {1, . . . , to}" for the indices and multiindices, 
da = gf-, da. = g^— ■ ■ ■ -Q§—- Let us write down the analogs of (4.21) and (4.25). First, we do this formally, 
without taking care of the terms involved in the corresponding integration- by-parts formula to belong to Li. 
The necessary moment estimates will be given later on, in the second part of the proof. 

Denote yi,u(s) = Jhi{s)[£'l''^ Z]~^gi,s G [0, i],u e Ti,i G N, and let Fj"^ denote the a-th component of the 
vector li^u- Using Proposition 15 . 31 and an appropriate analog of Proposition EH one can obtain the following 
analog of the integration- by-parts formula (|5.24p : 
(5.32) 



/i,(du). 



for every F G C^(M™) and a G {1, . . ■ jw}. One can rewrite (|5.32p to the form analogous to (|5.26p and then 
iterate this formula in the way described before the formulation of Lemma [5.41 The inverse matrix Z^^ can 
be expressed in the form [detZj^^Q, where the elements of the matrix Q (the cofactor matrix for Z) are 
certain polynomials of the elements of Z. At last, for every ii C ?2, det Z^^ < detZ^^. Summarizing all these 
considerations, we can formulate the following statement. 

Proposition 5.7. For every F G C^'(R™), n > 1, a G {1, . . . , to}", 

(5.33) E''[daF]if)= EE// E-°F(e|;/)K°,"(.-)ds>,(du). 

Here the family {Y^g'^{s)} possesses the point-wise representation {^"^'^(s) = _ff"g'^(s)[e|'" det 2^]^^"} with 
the functions {H^'g^} estimated by 

(5.34) \Hf^,{s)\ < £f;;[l + max ||X(s) ||]^'^(") A,, . . . A,,„ (£„(,,) A 1) . . . (£„(,,„) A 1), 

i G N^",0 G 0(2n),s G [0,tY'^^\u G F^, where the constant M{n) depends only on n. 

Equality (j5.33p is now nothing more than the formal expression, since the variables Y^^^ may not belong 
to Li. However, estimate (|5.34[) allows one to separate the case where this equality becomes meaningful and 
rigorous. 
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Corollary 5.1. Suppose that the grids S'^ were constructed in such a way that, for some n N, 6 > 0, 

(5.35) sup sup sup sup sup E-°[4^'"^ . . . e^;'"' det Zj]-^""-^ . 

7 i<2nieN'^uerise[o,t]' ^ ' 

Then i5.cl3\) holds true with 

(5.36) sup ^ f I Ef|K"^'"(s)|ds^-(du) = C„<+oo. 

Thus, the only essential fact, that it is left to prove, is the following multidimensional analog of Lemma 15.21 

Lemma 5.5. Let a e K,. and ^^-^P2r > {ct + 4)m — 4 for some ?■ G N, a £ [0, +oo). Then, for every fc £ N, 
there exists S >0 such that, under an appropriate choice of the constants B,f3 in the construction of the grids 



sup sup sup sup sup 

7 l<k ■il:...,!'!GNuiGr,j,...,u,er,j si,...,s,6[0,t] 



E" ■ le 



< +0O. 



Proof. We consider only the case fc = 1, the general case is completely analogous. We have gi = E^Qi, 

lz7-r. Define 



ft = Jh,inWo]~^[a(^X{n-)+pin)'^ _a(x(T,-)) 

Q = X! * ® * 



then Z = E.Q ■ Q ■ [£q]*, Zi = £q ■ Qi ■ [Eg]*. Since Va is bounded, | det Egj is separated from by some non- 
random constant (see Proposition 16.21 below for the explicit estimate). Thus, in order to prove the statement 
of the lemma for fc = 1, it is enough to prove that 



(5.37) 



sup sup sup sup 
7 ieN ueFi se[o,t] 



E^l^rdetQ,] 



-a — 5 



< +00. 



The calculations given in the proof of Lemma 1 [TH] provide that, in order to verify (|5.37p . it is enough to 
prove that 



(5.38) 



sup sup sup sup sup 

7 iSN usr, sG[0,t] = l 



E°[(e-'"Q,w,w)R™] 



4— m(Q+4)— (5 



< +00. 



We do this analogously to the proof of Lemma 15.21 Let us return from the "censored" probability space 
(/2°,M°) to the initial one {n,P) and estimate E[{s''^'^Q,v,v)]^-"''^"+'^'>-'^ , where e'*-" denotes the operator 
adding the point (s, u) to the configuration. We have 



[lb(r.)l|Al] 



iQ,v,v)R,.= [JhiTk)]'mi'')T'vf{^{xiTk^)+piTk))~a(^XiTk- 
Since Va is bounded, 

essinf inf ||(£o')*]"^w|| > C. > 

for every k (see Proposition 16.21 below). Thus, we deduce that, for every g G (0, 1), the following inequality 
holds true for D = [D{a, r, g) A 1]: 

(5.39) [Q 

where we denoted w{t) = w{X{t—), -^^^^^kjzjrj^^) (see Definition 11.31 for the notation w(-, ■)). Denote 

Mx) = {Tfc e Dn[/3,i-/3] :p(Tfc) ^r„p(Tfc) e V{w{Tk),Q),\p{T^)\ <D,\{p{T^),e''''w{T^y)\ > >c} = %),>c>Q. 
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Due to the Chebyshev inequality, we have 



rfceBn[/3,t-/3]:p(rfc)0r, 



2r 



,^pirk)eV{w{rk),e)^\p{Tk)\<D^\ipiTk),e--"w{Tk))\<> 



TkeVn[f3,t-l3]:p{Tk)^Ti,p{Tk)eViw{Tk),g)M'rk)\<D 



where 



0, |(p(Tfe),e-"u.(rfc))| > 



One has that p{Tk) is independent of 3^k = S^t^- V cr{Tk), and w{Tk) is J^-nieasurable. Thus, repeating the 
arguments given in the proof of Lemma one can obtain analogously to (|5.14| - [B.18p that 

P{ie''^Q,v,v)M'^ <C,k)< C, ^Tl^^%ip2.(«*.e)^ ^ ^ (0, D), 

and, under an appropriate choice of g, (3, B, 

lim sup >f'^-™("+'*)-*P((e"^"Q,w,f)R™ <>f) = 

"^^0+7,i,s,u,||t)|| = l 

for (5 = i 'ir^T^P'^r — {a + 4)to + 4 . The lemma is proved. 

Corollary 5.2. Under condition of Theorem the grids 9^ can be constructed in such a way that the 
integration-by-parts formula i5.33]) together with the moment estimate \5.Sb]) hold true for n < k -\- m. 

This corollary immediately implies that estimates (|5.7p hold true for n < m -\- k. Now the statement of 
Theorem 11.31 follows from Lemma l5. II The theorem is proved. 

Let us make a conclusive remark. The first and second terms in the integration-by-parts formula l|5.24p can 
be interpreted as the "volume integral" and "surface integral", respectively, since the measure in the second 
term is supported, in fact, by the countable union of the sets lij = {si = Sj},i,j £ N, and each of these 
sets can be interpreted as a "level set" (or "codimension 1 set"). This is the main reason for the calculus of 
variations, developed in this section, to be substantially different from the classical (Malliavin's) form of the 
stochastic calculus of variations, since, in the latter one, the new measure is absolutely continuous w.r.t. the 
initial one, i.e. in the integration-by-parts formula only the "volume integral" is present. 

It should be mentioned that the differential structure in our case is not like the one for the manifold with a 
(smooth) boundary. The "surface measure" again admits the similar regular structure, and the integration- by- 
parts formula for such a measure generates the "codimension 1" and "codimension 2" terms, and so on. Thus 
one can informally say that the phase space of the Poisson random measure, considered with the differential 
structure generated by the time-stretching transformations, looks like the "infinite-dimensional complex". The 
crucial point in our construction is that, on every "side of codimension k" of such a complex, there still remains 
an infinite family of admissible directions. 
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6. Smoothness of the density of the invariant distribution 
In this section, we consider the stationary process {X(s), s G M} satisfying the equation 

(6.1) X{t)~X{s)^ j a{X{r))dr + Ut-Us, -oo<s<t<+oo, 

J S 

with the Levy process U defined on R by the standard construction 



Ut = 



Ut, t > 



where U^, are two independent copies of the Levy process defined on M+. The coefficient a is supposed to 
satisfy the conditions formulated in subsection 1.3. 

In order to prove the regularity of the distribution of X{t) (i.e., the statement of Theorem II .Sp . we need 
to modify slightly the constructions from the Sections 3 and 5. The reason is that now one cannot suppose 
the probability space (fi, 3^, P) to satisfy the condition = a{U). Such a supposition is, in fact, the claim to 
(16. ip to possess a strong solution on R and is, in general, a non-trivial restriction. In order to avoid such a 
restriction, we make the following modifications of the constructions given above. 

Denote H = L2{M.). Let Hq C Loo(R) be the set of functions with a bounded support. For h S Hq denote 
Jh{-) = J^^h{s) ds,b{h) = sup{r\h{v) = 0,v < r}. For a fixed h e Hq, we define the family {r^,t G R} of 
transformations of the axis K by putting Tj^x, a; G K equal to the value at the point s = t to the solution of 
the Cauchy problem p.ip . 

For every h G Ho,T G ttfm, the transformation Tj^ of the random measure v associated with U is well 
defined. Since < b{h), the transformation does not change the values of i' on every subset of 

{—oo, b{h)] X R"*. Equation ()6.ip considered as the Cauchy problem with s fixed possesses the strong solution. 
Thus, one can define the transformation of the process X in such a way that T^X{t) = X{t), t < b{h), 

nt 



X(t) 



(6.2) TlX{t)=X{b{h))+ a{TlX(r))dr + Tl{Ut-U,^y,)), t>b{h). 

Jb{h) 

Like in the proof of Theorem II. 3[ we enlarge the probability space and suppose that the random measure v 
associated with the process U is the projection on the first m coordinates of the random measure f defined on 
M X R™+^, with its intensity measure being equal to x n, 11 = 11 x [A^|[o,i]] . One possible formal way to do 
this is to define {Q, J, P) as the product of two probability spaces {Q^,J^,P^), (Sl^, 9^, P^), where — (t{X), 
and = [0, 1]°°,P2 ^ Y\i^^ [^^l[o,i]] • We enumerate jumps of the process X in some measurable way and 
put 

'(X(i),0), Xit) = X{t- 
_(X(i),6(t)), x{t)^xit- 

where {^/} is the sequence of coordinate functionals on f2^ (i.e., every ^/ has uniform distribution on [0, 1]), 
and l{t) denotes the number of the jump that happens at the moment t. Then tT(X) = iF, and the random 
measure and the corresponding point process p(-) can be constructed from X in the obvious way. For 
every h G Ho,T G 11 fin, the transformation of the process X is well defined (the first coordinate X is 
transformed accordingly to (|6.2p . and the transformation of the last coordinate £,i(t) is defined by the condition 

Further we suppose that 3^ — a{v). Under this condition, one can easily verify that an analog of Lemma 
O holds true, and is, in fact, the admissible transformation of (SI, 3^, P) (the explicit formula for ph differs 
slightly from the one given in subsection 3.1). The notions of the stochastic and a.s. derivatives associated 
with such admissible transformations can be introduced, and then the statement of Theorem 14.11 holds true 
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for every given h £ Hq with the trivial replacements: should be replaced by b{h) and x should be replaced 
by Xibih)). 

We introduce the notion of a differential grid in the same way with Definition 13. 2[ with M"*" replaced by R 
and Qi claimed to belong to M (i.e., Ui should not be equal to — oo) for every i. For every such a grid, the 
Sobolev classes associated with the grid are defined in the same way with Definition 13.31 

Now let us proceed with the proof of Theorem 11.51 Since X is a stationary process, it is enough to study 
the distribution of X{t) at one fixed point t, say, t — 0. For every given 7 e (0, i), we construct the grid S'' 
in the way analogous to one given at the beginning of subsection 5.2. We take the same sequence {e„} and 
consider all sets of the type 

(6.3) [-N,-N+l)xI,,x[^^,-^), k = l,...,Kn,N,neI.,N eN, 

recall that /„ = {w|||u|| € [en+i,£n)}- We enumerate sets (|6.3|) by i e N in an arbitrary way and denote, by 
n{i),N(i) and k{i), such numbers that the corresponding components in the set with the number i are equal 



to [—N{i), —N{i) + 1), /„(i), and [ ^^.^ ; k ( ) w( ) ^' "^^^ numbers Kn^N are defined for every given i? > 0, 7 



fc(i)-l k{i) 

by 

Kn,N — 



max ( B, 2ffl(/„), - • 2\''\-^''H^U(I„) 

1 



k{i)-l k{i 



and therefore 

1) Kn^N > B (the constant B will be determined below); 

2) K^Wn) < h 

3) T^U'iln) < f 2-l"l-^. 

We define the grids S"*" by the equahties [a] , b]) — [—N{i), —N{i) + 1), Fi — I^^i) x , 

h]is) = A-^W (e;!) A l)h{.s + N{z)), s G K, 

where A > 1 will be determined later on, and h G C°° is some given function such that Jh = outside [0, 1], 
J/i > on (0, 1), and Jh = 1 on [|, |]. 

The construction of the grids provides that the estimate analogous to (|5.6p holds true. Next, for 
the function / = X{0)l^i, the estimate analogous to (|5.9p can be written, and one can prove that / G 

np%i(g'',M™) with 



= D^^f = Jh4n)t% [a(x{n^) +p(t,)) - a(x{T,-)) 



1^^ 



(here and below, we use the notation from subsection 5.2). Repeating step-by-step the considerations given in 
subsection 5.2, we obtain the following analog of Proposition 15.71 Denote, by S{i,6) for i G N'^",9 G 8(2n), 
the set of (si, . . . , S2ri) G {—00, 0) such that 

1) e [-iV(ifc), -N{ik) + 1), fc = 1, . . . , 2n; 

2) Sij. = Sij for every fc, j such that ik, ij belong to the same set w.r.t. the partition 9. 

Denote by g the uniform distribution on S{i, 9), i.e the surface measure on S{i, 9) considered as a subset 
of M^" with the Lebesgue measure A. 

Proposition 6.1. For every F G CJ^{W^),a. G {1, . . . , m}" 

(6.4) E-<[do.F]{f)^ J2 J2 [ [ - ^Fis|p)Y^^is)\,^oids)^^id^l). 

eee(2n)iGN2" "T; -J 8(1,0) 
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The family {Y^^ (s)} possesses the point-wise representation {Y^g (s) — iJ"^ (s)[e|'" det Zj] with the 

functions {H^g^} estimated by 

(6.5) 



[min(si ,. . . ,0] 



i e n2", 61 e e(2n), s e 6*), ?2 e r^. 

Remark. In the estimates for \Hjg^{s)\ we dominate all terms of the type Jhi{Ti), [Jhi]'{Ti), ■ • ■ , by some 
constant C, except the terms of the same type with N{i) — ma.x{N{ii), . . . , N{i2n))- These terms are domi- 
nated by C. that provides the term ^- max(Ar(zi),...,w(i2„)) ((^ . 

Let us repeat the cautions made after Proposition 15. 71 equality (|6.4I1 is just a formal one; in order to make 
it rigorous the proof that Y-^''^{s) are integrable w.r.t. ES is needed. Such a proof should contain two parts: 



the estimate of the moment of £^'^[1 + max^g 



[min(si,...,Sri),0] 



\X{s)\]^'^^'^\ and the estimate of the moment of 



[effdetZ.l-^". 



The first part of the proof is more or less standard. The variable e|'"X(min(si, . . . , s„)— ) is, in fact, equal 
to X(min(si, . . . ,s„)— ), and thus its distribution w.r.t. E? is equal to the initial invariant distribution P*. 
This distribution was supposed in the formulation of Theorem 11.51 to have all the moments. Moreover, the 
gradient Va is globally bounded, and thus we can deduce from the standard martingale inequalities and the 
Gronwall lemma that there exists a constant C(a) = sup^ ||Va(x)||] such that, for every p > 1, 



(6.6) 



^0 S,Qr 



. max l^(s)r " <C.(l + ||£„(,,)||)...(l + ||£„(,,„)||)e- 

sG [min(si ,....Sn),v\ 



with the constant C, depending on p, n and the moments of P* . 

The second part of the proof contains the estimate for [e?'" det Zj]~'^^, and is yet another version of Lemma 



Lemma 6.1. Let H possess the wide cone condition and a G Kqo. Let k £N be fixed, and let the constant B 
in the construction of the grids S'' be taken greater than k. Then, for every a > under an arbitrary choice 
of the constant A in the construction of the grids S'^ , 



sup sup sup sup sup 

7 l<k »i,...,i!6Nuier,j,...,u,erij si,...,s,e[0,t] 



in 



< +00. 



a(x(rfc-)+p(Tfc)) -a(x(rfe-) 

N 



Proof. Again we consider only the case fc = 1, the general case is completely analogous. Like in the proofs 
of Lemmae 15.215.51 we return from the " censored" probability space (/2°,M°) to the initial one (fi, P) and 
estimate ^^[e*'" det where 

Zi^ ^ g{Tk)®g{Tk), 
TfceD,p(Tfe)^ri 

g{ru) EE Jh{Tu - [Tu])A^-^-\\\p{Tk)\\-' A 1)£?^ 

Let N be fixed. We denote by D(i, N) the set of Tfc e 2) such that p(rfc) ^ Ti and G U^^il^'' ^ ^ §]■ 

Let us estimate the variable 

detZi^AT, Zi^N = ^ g{Tk)®g{Tk)- 

It is clear that e'*'" det Z^^^v < e^'^detZi, thus the lower estimate for £*'"detZi^jv provides also the lower 
estimate for e^'" det Zi. 

We write the decomposition g{Tk) — EP_j^q{Tk), 

q{n) ^ Jh{Tk - [TK])A^^-\\\p{Tk)\\-' A lW^^]-^[a[x{Tu-)+p{Tk)) - a[x{Tk-)) 
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and define 

Qi,N = ^ q{Tk)®q{Tk). 



Then Zi^N = £° at • Qi,N ■ [£--n]* ^-^d det Zi^N = det Qi^N ■ 
formulate all the estimates concerned to £-'_n iii ^ separate statement. 



det e"_jv 



2 

. It would be convenient for us to 



Proposition 6.2. The following estimates hold true almost surely for every T > 0; 

1) det£0 J, > exp{-mrC(a)}; 

2) inf||„||=i mtT)T'v\\ > exp{-TC(a)}, s G [-T,0]; 
5;||£0_^||,||[£iy]-i|| e [exp{-TC(a)},exp{TC(a)}]. 

Proof. The first estimate is implied by the representation 

(6.7) det £° -r = exp{ / trace(Va(X(s))) ds}. 

This representation follows from the same one for ODE's, that is a classical fact in theory of ODE's. In order to 
deduce (|6.7p in the framework of the equations with the Levy noise one should first prove (j6.7p for a compound 
Poisson process U by just applying (j6.7p for ODE's piecewisely and then use an approximation procedure. 
In order to deduce the second estimate, we use the equality 

[(£1t)1-'«-« - r [Va{X{rW[iEL^y]-'vdr 

J-T 

that implies that, for every v G Sm, the function V{s) — II [(£1t)*]^^''^II satisfies the inequality 

(6.8) V{s)>v- I C{a)V{r)dr, s>~T. 
Inequality (|6.8|) can be written in the form of the equation 



Vis) = 1 + A(s) - / Cia)V{r) dr 

J-T 

with the condition A(s) > 0, and the solution to this equation can be given in the form 



V{s) = exp{-(s + r)C(a)} + / exp{-(s - r)C{a)}A{r) dr > exp{-(s + T)C(a)}. 

J-T 

The last estimate follows from the Gronwall lemma, on the one hand, and from the arguments given in the 
proof of the second estimate, on the other hand. The proposition is proved. 

One can see that the same estimates with those given made in Proposition 16.21 hold true for e'^'^£'_rp. Due 
to statement 1), e'''" det Z^^jv > det e*'"(5i_Ar • exp{—2mNC{a)}. Let us estimate e^'^ det Qi^N- In order to do 
this, we will appropriately modify the arguments given in the proof of Lemma 1 |18j . 

Due to the condition on 11, there exists g G (0, 1) such that Il{V{w, g)) = +oo for every cone F(w, g),w £ 
Sm- Let a e Kr, r e N, further we denote D = [D{a, r, g) Al]. For every given A > 0, there exists 6 = 6{A, g) 
such that 

Il(^u\u e V{w, e), ||u|| < D, \{u, ti;)R™ I > (5 j > A 

(one can prove this using the Dini theorem analogously to Lemma l4.3p . 

We take an arbitrary v G Sm, and denote by D{i, N,v,6) the subset of T> containing all the points Tk such 
that Tk G [J^^i[~r — i, — r — |], p(Tfc) does not belong to the cell Ti, and 

([a(x(Tfc-)+p(rfc)) -a(x(rfe-))],[(£:'=^)1-i«)^^| > i^^-- .£^^"||[(£:V)1-'HIk™ • 
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The same arguments with those used in the proofs of Theorem 11.11 and Lemmae 15.21 15.51 provide that 

N, V, 5) = 0) < exp{-:^AiV}. 
For every v,v € Sm, due to statement 3) of Proposition 16. 21 we get for every G D{i, N,v,5) 

Let us choose the vectors wi, • . . , Woxp[2C(a)JV] on the sphere Sm in such a way that, for every v G 5^, 
inf;<(,xp[2C(a)iV] Ik ~ "ill ^ exp[— (2C(a) + ^)N] (one can do this for N large enough). Consider the event 



cxp[2C{a)N] 

n{i,N,S)^ fl {■D{t,N,vi,S)^(ll}, Pmi,N,5))>l-cxp 
1=1 



2Cia) - 



N 



Take v € and I < exp[2C{a)N] such that ||u - u/|| < exp[-(2C(a) + ^)N]. Then, for every uj e n{i, N, 5), 
there exists Tk G ©(i, N, vi,S) C D{i, N). For such r^, we have 

e^'^\[a[x{Tk-)+p{n))-a[x{n-))A{£-\r]-'v)^^ > 

(a(x(rfe-)+p(r,)) - a(x(T,-)) , [(£:''^)*]-iz;z)^^J - 2C(a) exp[-(C(a) + i)7V] 



> 



> 



(6.9) >D6'^-e'^''\\[ie%r]-'viL^-2Cia)exp[~{C{a) + -)N] > [ DS^ - 2C{a) exp 



N 



exp[-C(a)7V] 



(the last inequality in ()6.9p holds true due to statement 2) of Proposition I6.2|l . Take N large enough for 
D6^ — 2C{a) exp — ^ > ■ Then, due to the construction of the grid S'' and inequality (|6.9p for every 

w e Srm we have the estimate 



Thus, for every uj S ri(?, iV, 5), we have the estimate 
(6.10) e'''" det Z.^AT > [e''^" inf {Q^,NV,v)]-"'e-^""^^'''^^ > -^D^"'6^''"' exp[-Cia,A,m)N], 



ves„ 



C(a,A"^) = 2TO[lnA + 2C(a)]. 

At last, take A large enough for -^^^A — 2C(a) > (a + l)C{a, A,m) and consider the sequence — 
_L.232m^2rm exp[-C(a, A, m)N],N > 1 (recall that <5 is defined by A). Then ([6T0| provides that, for N large 
enough. 



P(e^'" det Z, < ijv) < P(e"'" det Z^^at < tAr) < 1 - P{n{i, N, 5)) < C. [t 



la+l 



Since 0+ with limsup^ ^ +oo, this completes the proof of the lemma. The lemma is proved. 



Corollary 6.1. Let N be fixed. Then under conditions of Theorem ] 1.5\ one can construct the grids Q'^ in such 
a way that, for every ex. G {1, . . . ^m^'^^n < N, the integration-by-parts formula ( [6'.^[ j holds true with 



(6.11) 



^^p 

^ 6>e0(2n) leN^" 



^Wo'^{s)\X,e{ds)^i^{dxi) = C„ < +00. 
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Proof. In estimate ()6.6p . the term min(si, . . . , S2n) can be replaced by max(A^(ii, . . . , N{i2n))- Now, let us 
take the constant A in the construction of the grid to be equal to 2e'^''°'\ Then Lemma f6.ll and estimates 
(I6.5p . (|6.6p . together with the Holder inequality, provide that 

/ / E^\Y^f^i-s)\Xj^,id-s)^,,{du)< 
JFj JS{i,e) 

< C, K ■ ■ ■ A..„(£„(n) A 1) . . . (e„fe„) A (1 + ||e„(,,)||) . . . (1 + ||e„fe„)||)2---<^('i)-'^('-)), 

I e N^", 6* e 6(2n). Taking the sum over i, 6 we obtain (|6.1ip . 

End of the proof of Theorem \1.5l The corollary given above implies that, for every given fc £ N, one can 
construct the grids S'' in such a way that estimates ()5.7p hold true for every n < k + m. Thus, due to Lemma 
[5J| P*idy) = p*{y)dy with p* e flfc CB^{W^) = C^{W^). The theorem is proved. 
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question of A. A. Dorogovtsev, who asked the author whether the stochastic calculus of variations, described in 
the Section 3, can provide the smoothness of the invariant density. It was a quite new idea for the author that 
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